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Abstract

We exhibit the Baldoni et al method [1] to solve a homogeneous linear recurrence relation, with applications
to Chebyshev polynomials and Fibonacci numbers.
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Resumen

Se muestra el método de Baldoni et al [1] para resolver una relación de recurrencia lineal y homogénea,
con aplicaciones a los polinomios de Chebyshev y a los números de Fibonacci.

Palabras Claves: Relaciones de recurrencia, polinomios de Chebyshev, algoritmo de Baldoni, números de
Fibonacci .

1. Introduction

Here we consider recurrence relations with the struc-
ture:

an+k = bk−1an+k−1 +bk−2an+k−2 + . ..+b0an, (1)

n, k ≥ 0, and the initial values a0, a1, ..., ak−1. In ac-
cording with the Baldoni et al process [1], first we con-
struct the companion matrix [2,3]:

Akxk =



0 0 0 0 0

0 0 1 0 · · · 0

0 0 0 1 0
...

. . .
...

0 0 0 0 . . . 1

b0 b1 b2 b3 bk−1


(2)

whose characteristic equation [4] is:

λk − bk−1λk−1 − bk−2λk−2 − · · ·
−b1λ− b0 = 0,

(3)

and we accept that it has distinct roots. Therefore, the
solution of 1 is given by:

an = c1λ
n
1 +c2λ

n
2 +· · ·+ckλnk , n = k, k+1, · · · (4)
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where the cj are determined through the initial values
via the linear system:

c1λ
r
1 + c2λ

r
2 + · · ·+ ckλ

r
k = ar, (5)

r = 0, 1, · · · , k − 1. The Sec. 2 has applications of
this procedure to Chebyshev polynomials [5,6,7] and
Fibonacci numbers [8,9,10].

2. Some Applications of Baldoni et al Method

The Chebyshev-Lanczos polynomials Tn (x) are de-
fined by [6,7]:

Tn+2 = 2xTn+1 − Tn T0 = 1, T1 = x, (6)

xε[−1, 1].
then 1 gives k = 2, b0 = −1, b1 = 2x, thus from

??ecu2), 3 and 5

A =

 0 1

−1 2x

 λ2 − 2xλ+ 1 = 0

λ1 = x+
√
x2 − 1, λ2 = x−

√
x2 − 1 (7)

c1 + c2 = 1, c1λ1 + c2λ2 = x ∴ c1 = c2 =
1

2
,

and from 4 we obtain the solution of 6:

an =
1

2
(λn1 + λn2 ) =

1

2

[(
x+ i

√
1− x2

)2
+(

x− i
√

1− x2
)2

=
1

2

(
einθ + e−inθ

)
,

x = cos θ,

therefore Tn (x) = cosnθ, which is fundamental in
problems of interpolation [11] and in the tau method of
Lanczos-Ortiz [11,12]. The Chebyshev polynomials of
second kind Un (x) [7] satisfy the recurrence relation 6
but with different initial conditions:

Un+2 = 2xUn+1 − Un, U0 = 1, U1 = 2x, (8)

xε [1−, 1], then the corresponding eigenvalues are
in 7 and now the linear system 5 is:

c1 + c2 = 1, c1λ1 + c2λ2 = 2x

∴

c1 =
λ1

2
√
x2 − 1

, c2 = − λ2

2
√
x2 − 1

,

and 4 gives the solution:

an =
1

2
√
x2 − 1

(
λn+1
1 + λn+1

2

)
=

1

2i
√

1− x2

[(
x+ i

√
1− x2

)n+1

−(
x− i

√
1− x2

)n+1

=
1

2i sin θ

(
ei(n+1)θ + e−i(n+1)θ

)
,

∴ Un (x) = sin(n+1)θ
sin θ , in according with the literature

[6,7].
A similar process can be applied to Chebyshev poly-

nomials of third kind Vn (x) [7] and fourth kind Wn (x)
[7,13,14] verifying the recurrence relation (6) with the
initial values V0 = 1, V1 = 2x − 1,W0 = 1,W1 =
2x+ 1 to deduce the important expressions:

Vn (x) =
cos
(
n+ 1

2

)
θ

cos
(
θ
2

) ,

Wn (x) =
sin
(
n+ 1

2

)
θ

sin
(
θ
2

) , x = cos θ. (9)

The Fibonacci numbers Fn [8] satisfy the recurrence
relation [9,10]:

Fn+2 = Fn+1 + Fn, F0 = 0, F1 = 1, (10)

then 1 and 3 give k = 2, b0 = b1 = 1 and λ2−λ−1 =
0, thus:

λ1 =
1 +
√

5

2
, λ1 =

1−
√

5

2
, c1 + c2 = 0,

c1λ1 + c2λ2 = 1

,
therefore c1 = −c2 = 1√

5
and (4) implies the Binet?s

formula:

Fn =
1√
5

[(
1 +
√

5

2

)n
−

(
1−
√

5

2

)n]
, (11)

with n = 0, 1, 1, · · · The golden ratio 1+
√
5

2 is some-
times denoted by the letter Φ, from the name of the
Greek artist Phidias who often used this ratio in his
sculptures. It is possible to write 11 in terms of the hy-
pergeometric function [15,16]:

Fn =
n

2n−1
2F1

(
1− n

2
,

2− n
2

;
3

2
; 5

)
. (12)
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The Lucas number Ln [10,17] verify the recurrence
relation 10 with the initial values L0 = 2, L1 = 1, then
this Baldoni?s algorithm leads to:

Ln =

(
1 +
√

5

2

)
+

(
1−
√

5

2

)
. (13)

Conclusions

Baldoni et al approach[1] is powerful to solve homo-
geneous linear recurrence relations, for example, here it
showed that 6 gives the four types of Chebyshev poly-
nomials [7] if we employ different initial values. Simi-
larly, 10 implies the Fibonacci and Lucas numbers for
distinct initial conditions.
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