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Abstract. In this paper we report on new results relating to a conjecture regarding properties
of n x n, n < 6, positive definite m atrices. T he c onjecture h as b een proven for n < 4 using
computer-assisted sum of squares (SoS) methods for proving polynomial nonnegativity. Based
on these proven cases, we report on the recent identificationo fa n ew f amily o f matrices
with the property that their diagonals majorize their spectrum. We then present new results
showing that this family can extended via Kronecker composition to n > 6 while retaining
the special majorization property. We conclude with general considerations on the future of
computer-assisted and Al-based proofs.
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1. Introduction

In this paper we report new developments based on the proven cases of a surprising conjecture
relating to special properties of n x n positive definite (PD) matrices for n < 6. It is argued
in [8] that traditional mathematics has focused primarily on results that hold generally for all
n, whereas most theoretical physics models, and most applied mathematics and engineering
problems, are intrinsically defined in a fixed (and small) number of dimensions, e.g., time and
the three spatial dimensions of ordinary experience. What is not commonly recognized is that
as soon the dimensionality of a problem becomes fixed, e.g., to 3 dimensions, opportunities exist
to establish potentially useful properties of the system of interest that do not hold generally in
higher dimensions. Unfortunately, proving such properties typically requires computer-assisted
methods that are not familiar to most scientists, mathematicians, and engineers.
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In Section 2, we illustrate these statements by showing how the IRGA conjecture for n < 3 is
relatively straightforward to establish by hand, while proof of the n = 4 case was accomplished
using powerful computer-assisted proof methods. We discuss why such methods are likely
required, and why proofs for the remaining n = 5 and n = 6 cases are likely beyond the
capabilities of current state-of-the-art methods on even the most powerful supercomputers.

In Section 3, we describe how proven cases of the IRGA conjecture define a fixed-dimensional
family of matrices for which the diagonal majorizes the spectrum [9]. In Section 4, we present
new results showing that Kronecker products of these matrices retain this unique majorization
property. Then, in Section 5, we conclude with considerations on the imminent arrival of
Al-based theorem provers, which can be viewed as proof oracles rather than computer-assisted
tools.

2. IRGA Conjecture
Given a real symmetric n X n positive-definite (PD) matrix P, the author conjectured the
following:

IRGA Conjecture: Given any real nxn symmetric positive-definite (PD) matrix P,
then for n <6:
S = (PoP')" € nonsingular nonnegative PD doubly-stochastic (1)

[1P2]

where “o” is the Schur-Hadamard elementwise matrix product.

As an example, given that the following PD matrix P

1.93758  1.04850 —2.92314  0.83685
1.04850  1.29729 —1.49559  0.56616
—2.92314 —-1.49559  8.97170 —0.55271
0.83685  0.56616 —0.55271  0.61107

the conjecture implies that the following must be (and is) doubly-stochastic:

0.34750 0.13498 0.25568 0.26184

0.13498 0.58077 0.11800 0.16625 3)
0.25568 0.11800 0.47034 0.15597 |-

0.26184 0.16625 0.15597 0.41593

(Po P! =

The form M o M, for general nonsingular matrix M, is a familiar tool in the field of process
control and is referred to as the Relative Gain Array (RGA) |1,3,[7], and its inverse inspires
the IRGA Conjecture appellation. Two key properties of the RGA are invariance with respect
to arbitrary diagonal scaling, i.e., RGA(M)=RGA(DME) for nonsingular diagonal matrices D
and F, and a sum of 1 for entries in each row and column [1}3,5]. Both of these properties can
also be verified to hold for for (P o P)} so proof of the conjecture can be reduced to proving
that (P o P')™" is nonnegative, which implies that the result is doubly stochastic.

We note that a proof of the conjecture for n = k immediately subsumes the n < k cases. The
n = 1 case is trivial, and the 2 x 2 case is also amenable to hand verification. Proof of the n = 3
case, however, requires a more structured approach involving a parameterization of PD matrices.
This can be done in terms of the lower-triangular Cholesky square root, Chol(P)-Chol(P)" = P,
which is guaranteed to exist for any PD matrix. In the case of P for n = 3, the Cholesky square
root can be expressed as:

d 0 0
Chol(P) = x dy 0 4)
y z ds
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Because the form of the conjecture is invariant with respect to left and right multiplication by
a positive diagonal matrix D, by taking D = diag(1/dy,1/ds,1/ds), we can assume without loss
of generality that the Cholesky square root of interest has the form

1
Lz = Chol(DPD) = a (5)
b

QO
= o O

which now has three fewer variables. Letting R = L3 L3, the conjecture implies S = (RoR!)™
is doubly stochastic. Because a permutation similarity can move any off-diagonal entry of S to
any other off-diagonal position, it is now sufficient by typicality to show that any off-diagonal
entry of S is nonnegative. It can be verified that the polynomial for entry (2,3) of S is:

a®b? + abe + ¢ + a*® + b2 — 2abc® + >t (6)

which, although somewhat arduous, can be transformed by hand into sum-of-squares (SoS) form:

(ac)® + i(ab\/Q—\/g+C\/2+\/§>2 + (7)
i(ab\/2+\/§+cx/2—\/§>2 + (be—ac®)’ ()

which establishes nonnegativity of the chosen typical entry, hence also the nonnegativity and
doubly stochasticity of S.

Unfortunately, the degree of the resulting polynomial for a typical entry of grows rapidly
with n, and it can be verified that the corresponding entry from S = (L4L{) is:

— (d2+€2+f2+1) (a(f2+1) (b2+02+1) (—a02f2 —ac® 4 2acef — ae® — a + bef? + be
—be f—cdf +de—b(ab+c) (—cf? — c+ef) (acf? + ac — aef — bf* — b+ df ) —d(—acf+ae+bf—d)
(F2+1) (= (*+c+1)) (ad+e)(cf —e) — flab+c) (—cf* —c+ef) (bd+ce + f))
—f(bd+ce+f) (—af(bd + ce + f) (—a02f2 — ac® 4 2acef — ae® — a + bef? + be — bef — cdf + de)

—blad +e)(cf —e) (acf? + ac —aef —bf* —b+df) (9)

for which the conversion to SoS form is not only well-beyond what can feasibly be done by
hand, it is beyond the practical capabilities of most if not all general-purpose computer algebra
systems (CAS), e.g., Mathematica. To give a feel for the rapid growth in complexity going from
n = 3 to n = 4, the following is the Cholesky parameterization

Ly = (10)

QU
T e =]
-~ _0o o
o O O
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from which the polynomial for entry (1,2) of Sy is:
S4(1,2) =

— (4 &+ 2+ D(a(f* + 1)(v?
+ 4 1)(—ac® f? — ac® + 2acef
—ae® —a+ bef? + be — bef — cdf + de)
—b(ab + c)(—cf? —c+ef)
(acf? + ac — aef — bf* — b+ df))
— (ad+e)(cf — e)(d(f? + 1)(~(t?
+c2 +1))(—acf + ae +bf — d)
—bf(bd + ce + f)(acf? + ac — aef
—bf2—b+df)) — f(bd+ ce + f)(d(—(ab
+o))(—cf? —c+ef)(—acf +ae+bf —d)
—af(bd + ce + f)(—ac® f* — ac® + 2acef
—ae? — a4+ bef? 4 be — bef — cdf + de)).

The SoS solution from [8], obtained using specialized state-of-the-art SoS methods [6}/10-12],
consists of the following 25 squared terms:

p1 = 2(acdf — abef)2,

1,y a1, dfc
pg—(2afc + 5 2bfc—|— 2
be  ae? bef  de\2
—aefe= G+ 5 tat 5t F),
1 21 2
D3 = Z(gaf202 + % - gbeC-i- gaefc
be d b
2 dfc  bef\?
Py == —af2c2—a02+bf2c+bc+aefc—£—if ,
3 2 2
1
p5:§(aczf2—bcf2+cdf—acef)2,
1
p6:5(a02f2—66f2+bef—acef)2,
1 1
pr = (— §aefc2 + §a620
1 5 1 dec aef\2
—3 fc+ac+§befc—7+7) ;
1 2
p8:§ aech—aeQC—fanC—i—dec—befc—kﬂ ,
4 3 3
2 2
po= - (acf —acs?)’.
(1,1 1, bde\*
plo—( §adfc +§bdfc+ §abe +ab - )
3 2

pu=7 (adf ¢ — bdfc — abe* + bde)”
36
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p1a = (adf — abf?)?,

1 b 2
P13 = (a602 _bee afe + ae) )
3

pua=y (—aec2 + bec — afc)2 ,

P15 = 2a°c* f3,
1 bd 2
p16 = (Qadc2 _ Xy ad) ,

2
2abf\?
3 )

p17 = 2 <—ad02 + bdc —

5
P18 = §a252f27

229
p19 = a“c°d”,

1 1 1 1
Pog = 2(§a02f3 — ibcf?’ + §Cdf2 + §bef2 — acef?

1, 1 5 bef  def\2
—|—2acf+2aef—|—af 5 2),
1 1 1 1
= o 20?13 4 Shefd — S edf? — Spef2
D21 ( 54c f +2bcf 2cdf 2bef
1 d
+ acef? — iaezf + %f)Q,

1
p22 = B (bCf - GCQf)Q,

_ 222
p23 = ace,

P24 = 02b2d2a

pos = a?b?e?.

The restriction n < 6 of the conjecture can be established from counterexamples that are
easily found for n=7 (an explicit counterexample is given in [8]). Therefore, it remains only
to prove the n=6 case, which of course subsumes the n = 5 case. Unfortunately, the size of
the polynomial for a typical off-diagonal entry of Sg vastly exceeds the capability of any known
SoS solution method. Purely as a dramatic illustration, the polynomial for entry (1,2) of Sg is
provided in the Appendix.

3. SPPD Matrices
In this section we consider one of the suprising implications of the IRGA conjecture and its
proven cases. Letting k£ be the largest integer for which the conjecture holds, we define the
following matrix form:
Definition (Special PD-Diagonalizable): A given nxn matric M = PDP*, n <k,
1s defined to be special PD-diagonalizable if matriz D is diagonal and positive-definite
matrix P is real symmetric.

The motivation for this definition is the following:
Majorization Theorem: The spectrum of a special PD-diagonalizable matriz is
majorized by its diagonal.
Majorization is an important theoretical and practical property that is exploited in a variety of
problem domains because it provides a preorder relational operator for comparing the relative
37
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disorder (entropy) of the distribution of entries of two vectors. Specifically, given two vectors
z,y € R™ with equal entry sums, y is said to majorize x, notated as z < y, if and only if there
exists a set of permutation matrices P; and probabilities p; such that

r = ijPjy. (11)
J

This expression of z as a probabilistic sum of permutations of y can be thought of as indicating
that the entry distribution of x is more disordered in a particular sense than that of y. An
alternative definition is that = < y if and only if

v = Sy, (12)

where S is a doubly-stochastic matrix, i.e., nonnegative with every row and column sum equal
to unity. This definition makes the probabilistic interpretation even more explicit in the form
Sy — x, where = can be interpreted a conservative stochastic evolutionary state of y. This
interpretation can be made rigorous by the following known result:

x<y = H(zx)> H(y) (13)

where H(-) is the Shannon entropy, H(z) = —> " | zilog z;, where z;logz; is taken as 0 for
Zi:O.

The definition in terms of a doubly-stochastic relationship also permits majorization to be
generalized from real to complex (or hypercomplex) vectors [2].

We begin our proof of the majorization theorem by noting a known result that relates the
spectrum vector of a diagonalizable matrix M = AFA™, where A\(A) = diag(FE) for diagonal
eigenvalue matrix F, to its diagonal vector via RGA(A) as:

(Ao A) - diag(M) = A(M) (14)
In the case of nonsingular RGA(A), this relationship can be expressed as:

diag(M) = (Ao A)" - \(M). (15)
In the case of special PD-diagonalizable M diagonalized by a real positive definite P, this gives

diag(M) = (PoP)" A(M) (16)
S - \M) (17)

where S is doubly stochastic. From Eq. we can infer that the diagonal of a special
PD-diagonalizable matrix majorizes its spectrum, thus proving the majorization theorem.

The significance of this result is that it establishes special PD-diagonalizable matrices as only
the second known matrix class for which a majorization relationship exists between the spectrum
and the diagonal. The only previously known class is the set of unitarily diagonalizable matrices
M = UFEU*. The majorization property of this class can be directly verified by applying Eq.

(UoU)-AM) = diag(M). (18)

and observing that the Hadamard product of a unitary matrix and its transposed inverse
necessarily gives a doubly stochastic result. This shows that the spectrum of any unitarily
diagonalizable matrix majorizes its diagonal. Thus, the set of special PD-diagonalizable matrices
becomes the only known matrix class with the reverse property of the diagonal majorizing the
spectrum.
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4. Generalized PD-Diagonalizable (GPDD) Matrices

In [9], an application of special PD-diagonalizable (SPDD) matrices involving manifold search.
The problem assumes a k-dimensional manifold of diagonal matrices over a family of objects for
which generalized majorization defines a meaningful partial order, where the set of objects/points
has been subjected to a real continuously deformed positive definite gauge-like similarity
transformation. In other words, each point of the manifold (or lattice) is an SPDD matrix.
The goal is to proceed from a point on the manifold and proceed to a local optimum of high or
low spectral entropy. The following is a high-level description of the basic algorithm:

(i) Initialize the search at a random point on the SPDD manifold, represented by the matrix
Ap with diagonal entries dg = [do1, do2, - . ., don] " .

(ii) For the current point on the manifold, compute its neighbors on the manifold. The neighbors
can be defined according to a specific neighborhood relation, e.g., within a certain distance
along the manifold or connected through a given transformation.

(iii) Among the neighbors, identify the neighboring matrix Ay with diagonal entries dj =
[di1, dk2y ey de]T such that dp majorizes dj, i.e., determine whether there exists a
doubly-stochastic transformation relating dg and dji that satisfies the desired direction
of majorization.

(iv) If such a neighboring matrix Ay is found, update the current point on the manifold to the
new point corresponding to A and its diagonal entries di. Return to step 2 and continue
the search.

(v) If no neighboring matrix is found that satisfies the majorization condition, terminate the
search. The current point on the manifold corresponds to a local minimum with respect to
the majorization property.

This search algorithm is designed to exploit the majorization property of SPDD matrices to
traverse the transformed manifold in a systematic manner to a point corresponding to high or low
spectral entropy using only diagonal information, i.e., without need for a spectral decomposition
at every point. However, the practical applicability of the approach is severely constrained by
the upper bound k < n size limitation of SPDD matrices.

We note that the proven SPDD majorization relationship exploits an explicit construction
of a doubly-stochastic relationship between the diagonal and spectrum based on the IRGA
conjecture. However, the fact that such a construction does not generally exist for n > 6 does
not necessarily imply that the diagonal-spectrum majorization relationship does not hold in
general. In other words, the constructive proof for all n < 4 could be interpreted as possible
evidence that the result may in fact hold in general, i.e., while (P o P')" may not always be
doubly stochastic for n > 6 — though it often is — there could exist other structural properties of a
general PD-diagonalizable matrix that ensures the existence of a doubly-stochastic relationship
between its diagonal and spectrum. Such structure may even hold for diagonalizability by
arbitrary complex-valued PD matrices. Empirical investigation may be able to provide sufficient
evidence to justify a conjecture or, alternatively, empirical and/or analytical efforts may identify
counterexamples that constrain such generalizations

One viable generalization involves exanding the set of special PD-diagonalizable (SPPD)
matrices to include PD matrices P obtained as a Kronecker product, P = P; ® P,, of SPPD
matrices P and P» such that the majorization property is preserved. For example, if P; is 4 x 4,
and P, is 3 x 3, then P would have size 12 x 12. We now show that this generalization does
in fact extend the class of matrices for which the diagonal majorizes the spectrum. We now
provide a theorem formalizing such a generalization:

Generalized PDD Theorem: Kronecker products of SPPD matrices retain the
SPDD majorization property.
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We begin with a relatively general lemma:
Diagonal-Spectrum Mapping Lemma: Let M; and Ms be n X n matrices with
diag(M;) = S1 A(My) and diag(Msz) = Sz A(Mz). The Kronecker product S; ® Sz maps
A(M; ® Ms) to the diagonal of M; @ M.
We note that the eigenvalues of the Kronecker product of two matrices are given by the
Kronecker product of their eigenvalues:

MMy @ Mz) = A(My) @ A(Mz) , (19)
and the diagonal of M} ® M, is given by the Kronecker product of the diagonals of M7 and Mj:
diag(M; ® Ms) = diag(M;) ® diag(Ms). (20)

Now, consider the product of S} ® Sy and A(M; ® My):
(S1® S2) AM(M; @ M) = (51 ® S2)(A(M;) @ M(Ma)). (21)

Using the Kronecker mixed product property, A® B-C ® D = AC ® BD, we can rewrite
the equation as:

(S1 ® S2) AM(M; @ M) = (S1 A(M1)) @ (S2 A(Ma)). (22)
Since diag(M1) = S1 A(M7) and diag(Ma) = Sa A(M3) =, the equation becomes:

diag(M;) ® diag(Ms) = (51 ® S2) A(M7 @ Msy). (23)

Thus, we have verified that the Kronecker product S; ® Sy maps A\(M; ® M) to the diagonal
of M ® Ms. This implies the following corollary:

Corollary: Diagonal-Spectrum Majorization - If M; and Ms each possesses the
property that its diagonal majorizes its spectrum, then M; ® M, also possesses this
property.
The proof is straightforward: the majorization property of the corollary implies there
exist doubly stochastic matrices Sy A(M;) = diag(M;) and Sz A(M2) = diag(Ms). From the
Diagonal-Spectrum Mapping Lemma, the Kronecker product S; ® Sy maps A(M; ® My) to the
diagonal of M7 ® Ms. Because the Kronecker product of doubly stochastic matrices is doubly
stochastic, we can conclude that the diagonal of M; ® My majorizes its spectrum.
We have established the key property of the GPDD Theorem, but technically it remains to
be shown that the Kronecker product of positive definite matrices is positive definite:
Kronecker PDD Lemma: Given PD-diagonalizable matrices M; = PyE1 P, and
My = PoEyPy', where P and P, are positive definite and E; and Ey are diagonal,
the Kronecker product M3 = M; ® Ms has the form Mz = P3E3Ps™" for some positive
definite P3 and diagonal Ej.

To prove this, onsider the Kronecker product M3 = M; ® Ma:

Ms = <P1E1P1'1) &® (P2E2P2_1).
Using the Kronecker mixed product property, we have:
Mz = (P ® P)(E1 ® E)(Pi @ Py).

Let Ps =P, ® P, and E3 = F4 ® Ey. Since P; and P, are positive definite, their Kronecker
product Pj is also positive definite. Furthermore, since 1 and E5 are diagonal, their Kronecker
product Fj is also diagonal.
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Finally, we show that (P ® P»™") is the inverse of P3. Using the Kronecker mixed product
property, we have:

(P1 ® PQ)(Pl_l & P2_1) = (P1P1>1) ® (P2P2_1) =1, ® 1, = I,.

This implies that (P, ® Py™") is the inverse of Ps, so M3 has the sought form M3 = P3FE3Ps™,
where Pj is positive definite and E3 is diagonal.
In summary, we have established that a PD-diagonalizable matrix of any size divisible by

2 or 3 (the only primes less than 4) can be constructed with the property that its diagonal
majorizes its spectrum. However, we can generalize this to construct examples for all n using
block-diagonal constructions:

GPDD Construction Lemma: Nontrivial GPDD matrices (i.e., containing no

blocks that are strictly diagonal) can be constructed for any value of n > 1.
This can be proven inductively using the values {2,3,4}, since the IRGA conjecture has been
proven for n < 4. We begin by extending our set of base cases to include 5 and 6 by noting
that the case n = 5 can be constructed with nontrivial diagonal blocks of size 2 and 3, and the
case n = 6 can be constructed with nontrivial blocks of size 2 and 4. Now we can assume the
statement holds for all values of k such that 5 < k < n. The inductive step for n + 1 can be
established as follows:

(i) If n is the sum of a sequence containing a 2, replace the 2 with a 4 to obtain n + 2. For
n + 1, we can use the sequence for n and append a 2.

(ii) If n is the sum of a sequence containing a 3, replace the 3 with a 4 to obtain n + 1. For
n + 2, we can use the sequence for n + 1 and append a 2.

(iii) If n is a sum of all 4s, then for n + 1 and n + 2, we can append a 2 or 3 respectively.

Thus, we can construct an instance of a block diagonal GPDD matrix, with every block of size
greater than 1 (i.e., no trivial blocks), for any n > 1. Note that this does not imply that every
n x n matrix M = PDP~! satisfies the Majorization Theorem, just that nontrivial instances
which do satisfy it can be constructed for all n > 1.

5. Discussion

In this paper we have reported on the recently-proven n = 4 case of the IRGA conjecture, and
how the conjecture has led to the discovery of the first matrix class for which the diagonal
majorizes the spectrum. We then presented new results generalizing this class to include
instances of any size n divisible by 2 or 3. More generally, this class includes all PD-diagonalizable
matrices of size n = 4 and is conjectured (via the IRGA conjecture) to also include all
PD-diagonalizable matrices of size 5 and 6. Some of these results are unlikely to ever have
been recognized without computer assistance, and it is likely that the proofs for some could/can
only be obtained by computer-assisted methods.

There seems little doubt that artificial intelligence (AI) agents will possess capabilities to solve
mathematical problems vastly beyond what can be solved by any human. However, the results
at the core of this paper motivate a conjecture that humans will be able to continue contributing
to mathematical discovery. This idea is based on the fact that an arbitrarily long traversal of
successive branches of derivation from an obscure result to some distant and seemingly unrelated
result is easy, but identifying the path backward from that end-result alone can be vastly more
difficult. With that, we conjecture the following:

Human vs. AI Conjecture: While an Al will be able mine a vastly larger expanse
of conjectures than humans, and it will be able to prove vastly more of what it finds
than humans, the infinitude of the expanse will leave overlooked seams from which new
results can be extracted by humans that otherwise might never be found.
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Because of its form, the conjecture can never be proven, but evidence for it can potentially be
obtained from the following experiment:

Experiment: Give an Al (or a team of Als) access to everything that humans know
at the current time about mathematics, but with the exception of a carefully selected
human-produced theorem, and its related results, and test whether the Al can prove
the theorem.

The outcome of the experiment may seem obvious based on the anticipated power of future Als,
but consider the case in which the removed theorem is something like the following:

For any diagonalizable real matriz M, there exists a matriz X in the neighborhood of M
with the property that diag(X) majorizes its spectrum \(X) according to the generalized
definition that vector u majorizes v if and only if there exists doubly-stochastic S such
that u = Sv. (The definition of “neighborhood” is not given so as to avoid giving away
too much information, but it is well-defined, nontrivial, and not inconsistent with uses
of the term elsewhere in the literature.)

The actual truth of the statement is unimportant for present illustrative purposes, so we just
assume a human, or a human using computer-assisted tools, has proven it based on observations
like those discussed in this paper. Key question: Is it possible that insufficient information
s given in the statement for an Al to identify a starting point that can lead it to a result that
satisfies the statement? Probably not, but can the answer be foreseen with certainty? The results
described in this paper derive from the IRGA conjecture, which has little more significance than
the features of a grain of sand that distinguish it from the billions of sourrounding grains on a
beach. Anyone who chooses to pick up a grain at random will be able to record its features and,
with high probablity, be the only person (AI or human) who will ever observe those features.

A pessimist might argue that the Human/AI conjecture assumes a future in which humans
are relegated to being sifters of minutiae, celebrating their trivial discoveries like a child showing
a shiny stone to friends. An Al might agree but add that the pessimist’s description actually
applies to all accomplishments in human history. However, if the AI were to fail even one instance
of the proposed test, then it must recognize that one or more human discoveriesﬂ may someday
prove essential for deriving results that are deemed important by both Als and humans. In other
words, ultimate assessments of importance must be left to the judgment of future historians —
whether they be Al or human.
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Appendix A. The n=6 Polynomial
What follows is the (1,2) polynomial entry of Sg. This is provided here to dramatically
illustrate the increase in complexity over the n=3 and n=4 polynomials given in Egs. @ and @D,
respectively. We note that this is the maximally simplified form achievable with Mathematica.
(As per Mathematica convention, adjacency of variables implies multiplication.)

The exponential complexity of the problem can be understood intuitively by considering the
number of degrees of freedom that must be examined to confirm or disconfirm whether it can
be transformed to a sum of squares form.

Se(1,2) =

-k (-k+a m+b n-a c n+d p-ae p-b fptacfpt+gqgahg-bigtacigdjgtaejqgt+bfjgacftjq) (-(bgtch+i) (-i q2+fj q2+n q-f p
qg-i+f j) ((d2+e2+f2+1) (q2 j2+j2—2 Pq j+p2+1) ((a g+h) (b k+c m+n) (-n+f p+i g-fj q) (-h q2+c i q2+ej q2—c fj q2+m g-cn g-e p gtc f
p g-h+c ite j-c f j)-(b g+c h+i) (a k+m) (-m+c n+e p-c f pt+h g-cig-ejqgtcfjq) (- q2+fj q2+n g-f p g-i+f j))-(d g+e h+f i+j) (-j q2+p
a) ((a die) (b ke min) (ntf pti a-f j a) (-e a® i®+c f q? j%-e j*+c £ j+h g jci g® j+h jcijm qjtcn git2epaj2cipaje
P +cfp -e+c f+m p-c n p-h p g+c i p q)-(b d+c e+f) (a k+m) (—m+cn+cpcfp+hq-c1qc_|q+chq)(fq 2£i2+iq? j+ijnqit+2f
P qJ -f p2-f+n p-i p q))+(d k+e m+f n+p) (j a-p) ((a d+e) (b g+c hti) (-i g2+ j q®+n q-f p q-it+f j) (-e % j2+c f q? j%-e j2+c £ j24+h g% jc
1q J+hJc1quJ+can+2equ2cquJep +cfp -e+c f+m p-c n p-h p g+c i p q)-(b d+c e+f) (a g+h) (-h g +ciq2+ejq2—cf
ja®+m g-cn g-e p atc f p g-hte ite joc £j) (-f a? j2-F j2+i g j+i jn q j+2 £ p q j-f p?-f+n p-i p )))+(d g+e h+f i+j) (- a®+p a-i) (b
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o’ jt+aciq® j4gjahjbijtacijkqjtamagjtbngjacngj+2dpgj-2aepqj2bipaj+2acipaqjdp’tacp’tbipiact
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m-b i? m+a ci? m-b f j2m+acf2j2m+dfj2m—bm+acm+dfm+gim—ahim—fgjm+afhjm—dijm+2bfijm—2acfijm+a,
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c-afjncz-afip(:2+af jp<:2+af2q(:2+aqc—aimc+afjmc+gnc—ahnc—binc-djnc+aejnc+bfjnc-fgpc+afhpc+aei
pc+bfipc-bf2jpc+dfjpc—2aefjpc—bf2qc-ch+dch—2aech—§m ahm+bim+djm-aejm-bfjmtegp-aehp-bei
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aepqj2bfpqgjt+2acfpqjdp +aep2+bfp2»acfp -d+a e+b fracf+k p-am p-bnptacnp-gpqgt+ahpgt+bipg-acipq)
((a d+e) (b ktc m+n) (-n+f p+i a-f j @) (-e q® j®+c £ q® j%-e j®+c £°+h q® j-ci q® j+h jcijmqjtcnqj+2epqj2cfpaqjep’tct
p>-e+c f+m p-c n p-h p g+c i p q)-(b d+c e+f) (a k+m) (-m+c nte p-c f p+h g-c i g-e j atc fja) (-f q j>-f j2+i o j+i j-n q j+2 £ p q j-f
p2—f+n p-i p q))—(d2+ez+f2+1) (q2 j2+j2—2 pPq j+p2+1) (a (b k+c m+n) (-n+f p+i g-f j q) ((g k+h m+i n+j p+q) (ain c2-a fjn c2-afi
p02+af2jpc2+af2q02+aqc2—aimc+afjmc+gnc—ahnc—binc—djnc+aejnc+bfjnc—fgpc+afhpc+aeipc+bfipc—b

44



Jeffrey Uhlmann Partial Proof of a Conjecture with Implications for Spectral Majorization

f2jpc+dfjpc2acfjpc—bf2qcch+dch—2ach0§m+ahm+bim+djmacjm-bfjm+cgp-achp-bcip+ac2jp—dcj
p+bcfjp+ac q+aqdcq+bch)(dk+cm+fn+p)(af] nc-afnc2+aljnc2—a1 pcz—apc2+afijp62+afiqcz+ajqc2+af
jPmctafmcaijmedjZnctaej?nctbfj?ncednctaenctbfnctgincahjncebijnectbi?pctbpegipct2ahipecaf
hjpctdijpcacijpebfijpcafhqetdiqeaciqebfiqebjqctdij? m-aej? m-bfj? m+d m-aem-bfm-gjmtahjmtbi
jm-ah? p-aptghp-bhipdhj p+a eh jp+b fhj p-dh g+aeh q+b fh g+a j q)+(b k+c m+n) (a j2 n e’+an ez-aij P 92—a iqe?af
j2meafme+aijme—dj ne+bfj neacfj nedne+bfneacfne+gjne2ahjnebijne+acijne+bi peaci pe+bg
e—acgeglpe+ahlge+afh3pe+d1JpebflJpe+aCf13pe+athe+d1qebf1qe+acf1qeb3qe+aCqubf2m+acf
mb1 m+dc1 m-b f m+acf2J2m+df32mbm+acm+dfm+glmah1mfg3m+afh3mlem+2bf1Jm2acf1]m+a
h n+anghn+bh1nach1n+thnbfhjn«l»acfhjnafh %3 £)+fghpbfh1p+acfh1p+bf2thdcf thdchp+b
2 hq—acf2hq+bhq—achq—dth»alq+afjq)(af2c2+a1 c“+a f C+ac2»2af1Jc—bf c-b i% c-b £2 _]2C+df] C2aefJ
c—bc+dfc2acfc+g1c2ah1c—fgjc+2afhgcdljc+2acljc+2bf1]c+ac+ah2+ac -ch+bch +a-d e+b e f-g h+b
hitegj+dhj2aehjbfhjbeij) (kKZ4m?24n®4p2+q2+1)-k (-(g2+h2+i%4j2+1) (-(d%+e?+1241) (-m b?4c k b+a ¢ m b+a n b-a c?
k-a k-m+c n)4+(b d4c e+f) (b e k-ace k-a f k-bd m+a cd m-f m+a d nte n)+(-e b2+cdb+aceb+afb—a c? d-a d-e+4c f) (d k+e m+f
n+p))+(d g+e h+f i+j) (-(d g+e h+f i+j) (»mb2+ckb+acmb+anb—ac2 k-a k-m+c n)+(b d+c e+f) (b h k-a ¢ h k-a i k-b g m+a ¢ g m-i
m+a g n+h n)4(-h b2+cgb+achb+aib—a02 g-a g-h+c i) (d k+e m+f n+p))-(b g+c h+i) (-(d g+e h+f i+j) (b e k-a c e k-a f k-b d m+a
cdmffm+adn+en)+(d2+62+f2+1) (bhk-achk-aikbgm+tacgm-imtagnthn)+(beg-aceg-afgbdhtacdh-fh+taditei)
(d ke m+f n4p))+(-(d2+e?+f24+1) (-h b%+c g b+a ¢ h b+a i b-a c? g-a g-h+c i)+(b d+c e+f) (be g-ace g-afg-bdhtacdh-fhtad
i+e i)+(-e b24c d b+a c e b4a f b-a ¢? d-a d-e+c f) (d g+e h+f i+j)) (g k+h m+i n+j p+q)))-b (a k+m) (-m-+c n+e p-c f p+h g-c i g-e j
q+cqu)(—(gk+hm+in+jp+q)(—bjpf2+acjpfz»bqf2+acqf2+bjnf—acjnf—gpf+ahpf+bipf»acipf+djpf—aejprrdq
f—aeqf+gn»ahnbin+acindjn+aejn—bq+acq)+(dk+em+fn+p)(bpiz»acpig—bjni+acjni—gpi+ahpi+djpi»aejpi—b
fjpi+acfjpi+d%1aeq1bfq1+achidj2n+aej2n+bfj2nfacijn—dn+aen+bfnfacfn+gjnfahjn+bpfacpfqu+acj
q)-(ak+m) (aj?ne +ane2—a1]pe2—a1qe2—aszme—afme+aijme—dj2ne+bfj2neacfj2nedne+bfneacfne+gjne?a
hjne—bijne+acljne+b1 pe—ac12pe+bpe—acpe—gipe+ahipe+achge+d1_]pe—bflJpe+acf13pe+athe+d1qe—b
fiqe+acfiqe—bjqe+ache—bf2m+acf2m—bi2m+a<:12rnbf j“ m+4ac f m+df] mbm+acm+dfm+g1mah1mng
m+afhjrn-dijm+2bfijm—2acfijm+ah2n+ang2hn+bh1nach1n+thnbfhjn+acfhjnafh gafg-}—fgh%)bfhl
p+acfhip+bf hjpacf hjpdfhjp+bf hq—ac hq+bhq— Chq—dtha1q+aqu)+k(cf m a+4ci +c 2 j a’-e
fJ ma +cma»efma “hima2 +fhéma +e1£ma 2cf1%ma +e n a +h2na +e 2nanz»oefj naz»cefna china22eh
jna +cfh3na +ce1%na +na -fh® pa“-cei“ pa“-cepa fpa +eh1pa +cfh1pa-cf hj a+efh3pa e“ijpa“+cefi
jpa“-cft hqa»chqa +etha e21qa +cef1qa2»1qa2+ceé]qa +f3qa2cf2ka-01 k a-c f 2ka+ef3 ka»cka+efka+h
1kd»fhjkd—elea+2(:f13ka—bf m a-b iZ m a-b 2 2md+dfj md»bmd+dfma+g1md»fgjma—dljmd+2bf13md»2de)
na+cdfj2na+befj na»2dena+cdfna+befna»2ghna+cg1na+bh1na+2egjna—cngna+2thna—bchna»cd1]n
a—beijna+cd12pa+b612pa+cdpa+bepa+2fghpa—eg1pa—cfglpa»dhlpabfhlpa+cf2g]pa—efgjpa+bf hjpa-d
fhjpa+2dei£pafcdfijpabeflJ a+cf gqa+cgqaefgqa+bf hqa+bhg adtha+2delqacdf1qabeflqacdj
qabejqatbf k+b12k+bf2j2k—dfj2k+bk—dfk—gik+fgjk+dijk—2bfijk+d2n+g2n+d2j2n—bdfj nbdfnfbginf2dgj
n+bfgjn+bdijn+n-fg2p-bdi2£—bdp-fp+d§ip+bfg1gbf g]p+dfgjpd 1Jp+bdf1prf2ggbgq+dfqu ig+bdf
iq-iq+bdjq+qu)+(—bj2f2+acj f2.b f2+acf +dj fraej f+dfacfg_]f+ahjf+2b1_]f2acljfb1 +acl-b+ac+g1ah1d1
jtaeij) (P+m?+n?4p?+q2+1)))+(d kte m+f ntp) (j a-p) (a (b d+c o+f) (f a® j2-f j%+i o® j+i jn a j+2 £ p q j-f p-f+n p-i p ) ((g
k+hm+in+jp+q)(aian—afanZafipc +af2jpc +af2qc +aqc—aichrafjmc+gncahncbinc—djnc+aejnc+bfj
ncfgpc+afhpc+ae1pc+bf1pcbf2Jpc+dfjpc2aefjpcbf2qcch+dch2&echgm+ahm+b1m+dJmaeme
me+egpdehpbelp+de deer+bepr+de gq+a g-d e g+b e f q)- (dk+em+fn+p)(—dfj nc?afnc?4aijnc?ai?pcia
pc +af1jpc +af1qc +a_]qc +afj mCJrafmeal‘]med]anJrae‘] nc+be ncdnctaenct+bfncec+gjncahjnebij
nc+b12pc+bpc—gipc+2ahipc—afhjpc+dijpc-acijpc—bfijpc-athc+diqc-aciqc—bfiqc—bjqc+dj2m—acj2m-bf
'2m+dm-acm—bfm-gjm+ahjm+bijm-ah2p—ap+ghp—bhip—dhjp+achjp+bfhjp-dhq+achq+bth+ajq)+(bk+c
m+n)(aj ne +an92—aijpe2—aiq92—afj2meafme+aijmedj2ne+bfj2neacfj2nedne+bfneacfne+gjneQahjn
e—b13ne+ac1Jne+b1 pe3012pe+bpeacpeg1pe+ah1pe+achpe+d1JpebflJpe+acf1Jpe+athe+d1qebf1q
e+acf1qeb3qe+aCqu—bf m+acf2mb12m+a612mbf2j m+acf2 2m+dfj2mbm+acm+dfm+g1mah1mfgjm+af
thlem+2bf13m2&cf13m+ah n+anghn+bh1nach1n+dh3nbf}13n+acfhjnafh p-afp+fghp-bfhiptacfh
1p+bf hj p-a c f2 thdchp+bf hgacf?hgtbhgachagdfhagaiqgtafjqg)-(af?c? +a12c2+afzj202+a(:2—2af1302—bf2
c-b i2 c-b 2 2C+dfj c2aefJ cbc+dfc2aefc+glc2ah1cfgic+2afh]cdljc+2aelgc+2bflqzc+ae +ah +ae 2de
i’+be fj2+a—d e+bef-ghtbhitegjtdhj2aehjbfhijbeij) (k°+m?+n?+p2+q?+1)-k (-(g®+h%+i%+j%+1) (—(d2+52+f2+1) (-m
b2+ckb+acmb+anb-ac2 k-a k-m+c n)+(b d+c e+f) (b e k-a c e k-a f k-b d m+a ¢ d m-f m+a d nte n)+(-e b2+cdb+aceb+afb—a
d-a d-e+c f) (d k+e m+f n+p))+(d g+e h+f i+j) (-(d g+e h+f i+j) (-m b%+c k b+a ¢ m b+a n b-a ¢ k-a k-m+c n)+(b d+c e+f) (b h
k-a ¢ h k-a i k-b g m+a ¢ g m-i m+a g n+h n)+(-h b2+cgb+achb+aib-a02 g-a g-h+c i) (d k+e m+f n+p))-(b g+c h+i) (-(d g+e h+f
i+j) (bek»acek»afk»bdm+acdm—fm+adn+en)+(d2+ez+f2+1) (bhk-achk-aik-bgm+acgm-imta gn+hn)+(beg-aceg-a
fg-bdh+acd h-f h+a d ite i) (d k+e m+f n+p))+(f(d2+e2+f2+1) (-h b2 4c g b+achb+aib-a 2 g-a g-h+c i)+ (b d+c e+f) (be g-ac
eg-afgbdhtacdh-fhtaditei)t(-e b>+cd b+acebta fb-ac? d-ad-etc f) (d gt+e h+fi+j)) (g k+h m+i n+j p+q)))-b (a d+e) (-e
a® i®+c fq? j%-e +c £i%+h q® jc i q® j+h j-cijmqj+cnaj+2epqj2cfpaqjep’tcfp’etcf+m pcnp-hpatcipa)(-(gk+h
m+in+jp+q)(—bjpf2+acjpf2—bqf2+aoqf2+bjnf—acjnf—gpf+ahpf+bipf—acipf+djpf—aejpf+dqf—aeqf+gn—ahn—b
in+acin—djn+aejn—bq+acq)+(dk+em+fn+p)(bpiQ—acpiz—bjni+acjni—gpi+ahpi+djpi»aejpi—bfjpi+acfjpi+d
qi-aeqi-bfqitacfqi-dj?ntaej?ntbfj?n-acfj?ndntaentbfn-acfntgjnahjntbp-acp-bjqgtaciq)(ak+m) (aj?
ez+anez—aijpez-aiqez—aszme—afme+aijme—dj2ne+bfj2ne—acfj2ne—dne+bfne-acfne+gjne—2ahjne—bijne+a
cijne+b12pe—acizpe+b e-a c eglpe+ah12pe+afhjpe+dijpe—bfijpe+acfijpe+afhqe+diqe—bfiqe+acf1q
ebjqetacijqebf?mtacf? mbi’mtaci?mbf m+acf2j2m+dfj2m—bm+acm+dfm+gim—ahim—fgjm+afhjm—di£
m+2bfi‘m—2acfijm+ah2n+an—ghn+bhlnach1n+dhjn—bfhjn+acfhjn—afh2p—afp+fghp—bfhig+acfhip+bf
hjpacf I)jpdfhjp+bf hq—a,cf2hq+bhqachq—dth—aiq+afjq)+k(cf2ma +ci?ma +ij m a efi ma2+cm
a2 efma hlma +fh3ma +eljma 2cf13ma +e n a +h2na +e na2—cefJ na2cefna Chlna 2eh3na+cfh3
n a? +Ce13na +n a? fh2pa2ce1 pa2»cepa fpa +eh1pa +cfh1pa»cf tha Jréfhjpﬂ 2 ijpa +cef13pa»cf2h
an»chqd2+ethdzez1qd2+cef1qd2—1qa2+cejq42+qud2—cf kd—c12kd—cf2J2kd+efj2kd»ckd+efkd+h1kd—fh)k
a—elea+2cf13ka—bf2ma»blzma»bf212ma+dfj2ma»bma+dfma+g1ma»fgjma»dijma+2bfijma—2dej2na+cdf
'2na+befj na2denatcdfnatbefna2ghnatcginatbhinat2egjnacfgjnat2dhjnabfhjnacdijnabeij
n atcd i? pa+b612pa+cdpa+bepa+2fghpafegipafcfgipafdhipafbfhipa+cf2gjpafefgjpa+bf2hjpafdfhj
pat2deijpacdfijpabefijpatcft gqa+cgqafefgqa+bf hqa+bhqadfh%a+2delqacdflqafbefiqafcdj
gabejqatb 2 ktbi? k+b 2 j% k-d fj?2 k+b k-d fk-gi k+fgjk+dij k2bf1Jk+d2n+g n+d? 2nbde n-bdfnbgin2d
gjn+bfgjn+bdijn+n-fg2p—bdizp-bd —fp+dgig+bfgip-bf ng+dngpd 1Jp+bdf1]pbf gq-bgq+dfgq—d2i
atbdfig-igtbdjatfja)+(-bj%22+acj? P-bfPfacf?+dj?facj?ffdfaefgjftahjf+2bijft2acijfbi+aci’-btactg
iahi-dijtacij) (k2+m2+n2+p2+q2+1)))) -q (g k++h m+i n+j p+q) (d (-d a® j+a e q® j>+b f g j*-ac fq? j-d j®+aej®+b fj%-acf
J+gq Jahq 2Jbiq j+a ciq? J+gJahJleJraClJkQJ+amQJ+bHQJ&CHQJ+2dPQJQBePQJQbfPQJJr?aCfP%Jd
p2+ae p?+b fp aofp d+ae+bfacf+kp—amp—bnp+acnpgpq+ahpq+b1pqacnpq) ((a d4e) (b g4c h+i) (-i q2+fj q
a-fp q-it+fj) (-e q? j2+c fq? j2-e 2 +cfji2+h q® jciq J+hJClJqu+can+2equQCquJ6p2+cfp2—e+cf+mpcnphpq+c
ip @)-(b dfeetf) (agth) (ha’teia’teja’cfija’tmacnaepatefpahieiteijcf) (£q° £ +iq® j+ijnaqi+2fpaif
p?-f+n p-i p q))-(d?+e? +f2+1> (q2 i%4i%-2 p q j+p%+1) (a (b g+c h+i) (-i a®+fj q>+n o-f p q-i+f j) ((g k+h m+i ntj p+q) (ainc?afj
ncz—aflz'pc +af?jpc?+afiqc?taqcl-aimctafjmetgncahnebincdjnctaejnctbfjncfgpctafhpctaecipctb
fipc-bf Jpc+dfjp023eprcbf2qcch+dfq02aechgm+ahm+b1m+djmaejmbem+egpaehpbe1p+aeQJ
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h+a d i+e i)+(-e b24c d b+a c e b+a f b-a c2 d-a d-e+c f) (d g4e h+f i+j)) (g k+h m+i n+j p4q)))-b (a b+c) (-c j? f2-c p? 2-c j% g2 3¢
f2+2cjpc21f2+ej2f+ep2f+ej2q2f—hjq2f+2cijq2f+ef—hjf+2cijf—mpf+2cnpf+jmqf—2cjan+hqu—2cip%f—26jp
q fci?cn’®<ci? q>+hiq?eijq?ct+hieij+mnenpimqhnqg+2cingtejn qt+eipq) (-(g k+h m+in+j p+q) (-bjp f“+acjp
f2»bqf2+acqf2+bjnf»acjnf—ggf+ahpf+bipf»acipf+djpf—aejpf+dqf—aeqf+gn»ahn—bin+acin»djn+aejn—bq+ac
q)«l»(dk«l»em+fn+p)(bpiQ—acpi»bjni«‘»acjni—gpi«&»ahpiw‘»d‘jpi—aejpi»bf‘jpi«&»acfjpi+dqi—aeqi»bqu»achi»dj2
n+a e j2 n+b fj2 n-a c fj2 n-d n+aen+b fn-acfntgjn-ahjntbp-acp-bjgtacjqg)(aktm) (a j2 ne?+ane’-a ijp e2-ai q e2-af
j2me—afme+aijme—dj2ne+bfj2ne—acfj2ne-dne+bfne—acfne+gjne—2ahjne—bijne+acijne+b12pe-aci2pe+bg
e-a c e—gipe+ahi§e+afhjpe+dijpe—bfijpe+acfijpe+afhqe+diqe—bfiqe+acfiqe—bjqe+ache—bf2m+acf
m-b i m+aci2 m-b f j2 m-‘,—acf2j2m-‘,-dfj2 m—bm+acm+dfm+gim—ahim—fgjm+afhjm—dijm+2bfijm—2acfijm+ah2
n+an—ghn+bhin—achin+dhjn—bfl)jn+acfhjn—afh2p-af£)+fg2hp-bfhip+a,cfhip+bf2hjp—acthj -dfhjp+bfZh
q—acf2hq+bhq—achq—dth»aiq+afjq)+k(cf2ma2+ci2ma +c f j2ma2—efj2ma2+cma2—efma2—hima +fhjma2+eij
ma2—2cfi'ma2+e2na2+h2na2+ezj2na2—cefj2nag—cefnag—china2—2ehjna2+cfhjna2+cei na2+na2—fh2pa2—cei
pa2—cepa»fpa2+ehipa2+cfhipa2»cf2hjp32+efhjp32»62ijpa2+cefijp32»cf2hqaz»chqa +eth'c12—62iqa2+cef
iqaz—iqa2+cejqa2+qua2»cf2ka»ci2ka»cf2j2ka+efj2ka—cka+efka+hika—fhjka—eijka+2cfijka—bf2ma—biQm
afbf2j2ma+dfj2mafbma+dfma+gimaffgjmafdijma+2bfijma72dej2na+cdfj2na+befj2n372dena+cdfna+b
efanghna«kcgina+bhina+2egjnafcfgjna+2dhjna7bfhjnafcdijnafbeijna+cdi2pa+bei2pa+cdpa+bep
a+2fghpa—cgipa-cfgipa—dhipa—bfhipa+cf2gjpa—cfgjpa+bf2hjpa—dfhjpa+2dcijpa-cdfi%pa—bcfijpa«i»c
f gqa+cgqa—cfgqa+bf2hqa+bhqa-dfhqa+2dciqa—cdfiqa-bcfiqa-cdjqa—bcha+bf2k+bi k+bf2j2k—dfj2
k+bk-d fk-gik+fgjk+dijk-2bfijk+d? ntgZ n+d?2 j?n-bdfj?nbdfnbgin2dgjntbfgjnt+bdijn+tnfg?pbdiZpbd
pfptdgiptbfgipbi?gjptdfgjpd®ijptbdfijpbf’gabgaqtdfgaqd?iqtbdfigiaqtbdjaqtfjaq)+(-bj?P+acj? b
2racf’+dj?faej?ftdfaefgjftahjf+2bijf2acijf-bi’+aci’-btactgiahidijtaeij) (kK2+m2+n?+p2+q%+1))))-q (g
k+h m+i n+j p+q) (d (-d a2 ji?+aeq? i?4+bfq? j2racfq?j?-dj+aei?+bfj2-acfiji’+gq? jahq? j-biq? j+aciq? j+gjah jbi
j+acij»kqj+amqj+bnqj—acnqj+2dqu—Qaequ—2bquj+23cqu'—dp2+aep2+bfpz—acfp2—d+ae+bf—acf+kp—a
mp-bnptacnp-gpgqtahpgt+bipag-acipq) ((ab+c) (bgtc h+i) (-i q24+fj q°+n g-f p g-i+f j) (»cj2 f2.c p? f2-¢ 2 q2 f2c 242 ¢
quf2+cj2f+cp2f+cj2 2f—hjq2f+2cijq2f+cf—hjf+2cijf—mpf+2cnpf+jmqf—2cjan+hqu—2ciqu—20quf—c
i2-c n2%-c i? q2+hiq2—cijq—c+h i-e i j+m n—cnp—imq—hnq+2cinq+cjnq+cipq)—(b2+c2+1) (a g+h) (-h q2+ciq2+ch2—c fj
q2+m g-c n g-e p gq+c f p g-h+c i+e j-c fj) (j2 f2+p2 f2+j2 q2 f2-2quf2-}—f2—2ijq2 f—2ijf—2npf+2jan+2iqu+i2+n2+i2 q2—2i
n q+1))-(b dtc e+f) (-f g j2-f j>+i q j+i jn q j+2 £ p q j-f p>~f+n p-i p q) (a (b g+c h+i) (i ®+fj q®+n q-f p q-i+f j) ((g k+h m+i n+j
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p+q)(aincz—afjnc2-afipc2+af2jpc2+af2qc2+aqc2—aimc+afjmc+gnc-ahncbincdjnc+acjnc+bfjncfgpc+af
hpc+aeipc+bf1pcbf jpct+dfjp c—2aef]pc—bf2qcch+dch—2aefq(:§rn+ahm+b1m+djm—aejmbfjm+egpae
hpbeip-&-ae2 pde]p+bef]p+ae q+a g-d e q+b e f q)-(d k+e m+f ntp) (-af j“ n c cafnc?+aijnc?ai?pc?apc? +af13p
c+af1qc+a3qc+afj mc+afmca1Jmch2nc+aeJ2nc+bfj ncdnc+aenc+bfnc+gjncathc—lenc-!—bl

c+bpc—g1pc+2ah1pcachpc+d13pcaenJpc—bfopcathchdlqcaelqcbflqchqc+d3 mae32mbfj m+d
maembfngm+ath+b13mah pap+ghpbhlpthp+aehJp+bchpdhq+aehq+bth+a3q)+(bk+cm+n)(aJ
ne +an62»a13pe2—a1 62»afj meafme+a13me—dj2ne+bfj neacszne—dne+bfneacfne+gjneQathebl]n
e+acljne+b1 pe—acl pe+bpe—acpeglpe«kahlge«kafhjpe+dijpe—bfijpe+acfijpe+athe+diqe—bfiqe+acfi
qeque+achebf m+acf2mb1 m+a c i m-b 2 j m+acf2j2m+dfj2mfbm+acm+dfm+gimahimffgjm+afhjmfdi
Jm+2bf13m2acf1_]m+ah n+anghn+bh1nach1n+dhjnfbfher»acfhjnfafh pafg)wagh bfh1p+acfh1p+bf2
hjp—acf2hjp—dfhjp+bf2hq—acfzhq+bhq—achq—dth-aiq+afjq)—(af2c2+ai262+af2 c+ac-2af1jc—bf2cb1 c-b
f2£2c+dfj2c—2aefj2c—bc+dfc—2aefc+gic-2ahic—fgjc+2afhjc—di‘c+2aei%c+2bf1£c+ae +ah2+ae -de_|2+be
fj?+adetbef-ghtbhitegjtdhj2aehjbfhjbeij) (Z4m24+n2+p2+a®+1)-k (-(g2+h2+i2+j2+1) (_(d2+e2+f2+1) (-m b%+c k
b+acmb+anb»ac2 k-a k-m+c n)+(b d+c e+f) (b e k-a ¢ e k-a f k-b d m+a ¢ d m-f m+a d n+e n)+(-e b2+cdb+aceb+afb—ac2 d-a
d-etc f) (d kt+e m+f n+p))+(d gte htf i+j) (-(d g+e h+f i+j) (-m b2+c k b+a ¢ m b+a n b-a ¢ k-a k-m+c n)+(b dtc e+f) (b hk-ach
k-a i k-b g m+a ¢ g m-i m+a g nt+h n)+(-h b2+cgb+achb+aibfa02 g-a g-h+c i) (d k+e m+f n+p))-(b g+c h+i) (-(d g+e h+fi+j) (be
k—acck-afk—bdm+acdm—fm+adn+cn)+(d2+c2+fz+1) (bhk-achk-aik-bgm+tacgm-i mtagn+hn)+(beg-aceg-afg-bd
h+a ¢ d h-f h+a d i+e i) (d k+e m+f n+p))+(-(d%+e2+f241) (-h b%+c g b4a ¢ h b+a i b-a c2 g-a g-h4c i)+ (b d+c e+f) (be gace g-af
g-b d h4a c d h-f h+a d i+e i)+(-e b2+c d b+a c e b4a f b-a c? d-a d-e+c f) (d g+e h+f i+j)) (g k+h m+i n+j p+q)))-b (a g+h) (-h q2+c
ig?+ejq?cfjq’+m g-c n g-e¢ p g+c f p g-h+c ite j-c f j) (-(g k+h m+i n+j p+q) (»bjpf2+acjpf2—bqf2+acqf2+bjnf—acjnf—g
pftahpftbipfacipftdjpfaejpftdqf-aeqftgn-ahnbintacin-djntaecjnbqgtacq)t+(dk+em+fntp) (bpiacp
ibjnitacjnigpitahpitdjpi-aejpi-bfjpitacfjpitdqgiaeqi-bfqgitacfqidj?ntaej?ntbfj?nacfj?n-dntaec
n+bfn-acfn+gjn—ahjn+bp—acp—qu+acjq)—(ak+m)(aj2ne +ane—aijpe-aiqe-afj meafme+aijmedj2ne+bf
jzneacfi nedne+bfneacfne+gjne2&hjnebiine+acijne+bi pea01 pe+bpeacpeg1pe+ah1pe+ach}2)
e+d13pe—bfljpe+acf13pe+athe+d1qebf1qe+acf1qebJqe+aCqu—bf2m+acf2mb12m+a01 rnbeJ m+a c f

2m+de mbm+acm+dfm+g1mah1mngm+achmlem+2bf1Jm2acf1Jm+ah n+anghn+bh1nach1n+th
nbchrH»acchnafh pafg+fghgbfh1p+acfh1p+bf hjpacf?hjpdfhjp+bfPhagacf hqtbhqachqgdfhagai
+aqu)+k(cf2ma+01 m a +ch m a efJ m a“4+cm a‘“-e fm a h1ma2+fh3ma +eijma“-2cfijma“+e”na“+h“n
a2te? naQ—cefJ na?cefna?china? 26h3n32+cfhjnaz+cei'na2+na2—fh2pa2—cei2pa2—cepa2»fpa2+ehipa2+c
fhipachthjzpa2+efhj anezijpaQA»cefijpazfcfQhqazfchqa+etha27e2iqa2+cefiqaZfiqa+ce%qa2+qua2fc
2 k a-c i2 k a-c f Jzka+efj kafcka+efka+hikaffhjkafeijka+2cfijkafbf2mafbi2mafbf2j2ma+dfj m a-b m a+d f
ma+gima-fgjma—dijma+2bfijma—2dcj2na+cdfj2na+bcfj2na—2dcna+cdfna+bcfna-2ghna+cgina+bhin
a+2cgjna—cfgjna+2dhjna-bfhjna—cdijna—bcijna+cdi2pa+bci2pa+cdpa+bcpa+2fghpa—cgipa-cfgipa—d
hipabfhipatcf gjpa—efgjpa—‘—bfzhjpa—dfhjpaA-Qdeijpa—cdfijpa—befijpa<|—cf2gqa+cgqa-efgqa-‘,—bf2
hqa+bhqa—dfhqa+2deiqa—cdfiqa—befiqa—cdjqa—bejqa+bf2k+b12k+bf2j2k-dfj2k+bk-dfkg1k+fgjk+d1J
k-2bfijk+d? ntg? n+d? j2n-bdfj?nbdfnbgin2dgjntbfgjntbdijn+tn-fg?p-bdi? p_bdp_fp+dg12p+bfg1pbf gj
p+dfgjpd?ijptbdfijpbfigqbgqtdfgaqd?iqtbdfigiaqtbdjaq+fjaq)+(-bj%P+acij? 2-bftacf o e ] f+d
fraef-gjf+ahjf+2bijf-2acijfb i2+aci2—b+ac+gi»ahi—dij+aeij) (k2+m2+n2+p2+q2+1)))+(dg+eh+f1+3) (—Jq+pq—j) (a
(b2 +c2+1) (52 24p? 242 o 2-2 jp q 244221 j o £21j £2 n p 42 j n q £+2 i p q F+i%+n?+i% -2 i n q+1) ((g k+h m+i n+j p+q)
(aianfafjanfafip<:2+af2jpc2+af2qc2+aq(:27&imc+afjmc+gncfahnc7bincfdjnc+aejnc+bfjncffgpc+afhp
c+acipc+bfipc—bf2jpc+dfjpc—2acfjpc—bf2qc—ch+dch—2achc—gm+ahm+bim+djm—acjm-bfjm+cgp—ach
p-b eipta e? j p-d ej p+b efjpta e? g+a g-d e g+b e f q)-(d k+e m+f n+p) (-a fj2 nc?afn c2+a ijn c?-a i? p c2-a p c2+a fijp
c+af1qc +ajqc+af1 mc+afmca13mcd32nc+aejznc+bf1 ncdnc+aenc+bfnc+g]ncahinc—bljnc+bi2

c+bpcg1pc+2ah1pcachpc+d1JpcaeljpcbflJpcathc+d1qcae1qcbf1qcb]qc+dJ mae32mbfj m+d
maembfngm+ath+b1Jmathap+ghpbh1pthp+aehJp+bchpdhq+aehq+bth+aJq)+(bk+cm+n)(aJ
ne +ane2—alJpe—a1 e»afJ meafme+aujme—d3 ne+bfj neachzne—dne+bfneacfne+g3ne2ahjneb1Jn
etacijnet+bi“peaci pe+bpe—dcpeglpe+dhlge+afhjpe+dljpebfl]pe+dcf13pe+dthe+d1qe—bf1qe+dcf1
qe—que+achebf2m+acf2mb12m+acl m-b 2 j m+a c £ j m+de mbm+acm+dfm+g1mahlmfgjm+afh]md1
Jm+2bf13m2acf1_]m+ah n+anghn+bh1nach1n+dhjnbchrH»acfh_]nafh paf;)«kfghgbfh1p+acfh1p+bf2
thacfthpdfh_]p+bf hqacf hq+bhqachqdtha1q+aqu)(af2c+a1 c+af2 C+aCf2af1‘]C7bf2Cbl c-b
f2g2c+dfj cQaefJ cbc+dfc2aefc+g1c2ahlcfgjc+2afh_]cd1£c+2aelgc+2bf1£c+ae +ah2+ae -de_|2+be
fi+a-d etbefghtbhitegjtdhj2aehjbfhijbeij (K24m2+n2+p2+q®+1)-k (-(g°+h2+i2+j2+1) (.(d2+e2+f2+1) (-m b2+4c k
b+a ¢ m b+a n b-a ¢ k-a k-m+c n)+(b d+c e+f) (b ek-acek-afk-bdm+acdm-fmtadnte n)+(-e b%2+4c d b4a ce bta f b-ac? d-a
d-e+c f) (d k+e m+f n+p))+(d g+e h+f i+j) (-(d g+e h+f i+j) (-m b%+c k b+a ¢ m b4a n b-a ¢ k-a k-m+c n)-+(b d+c e+f) (b hk-a c h
k-a i k-b g m+a ¢ g m-i m+a g n+h n)+(-h b2+cgb+achb+aib»ac2 g-a g-h+c i) (d k+e m+f n+p))-(b g+c h+i) (-(d g+e h+fi+j) (b e
k-acck-afk—bdm+acdm—fm+adn+cn)+(d2+c2+fz+1) (bhk-achk-aik-bgm+tacgm-i mtagn+t+hn)+(beg-aceg-afgbd
h+a c d h-f h+a d ite i) (d k+e m+f n+p))+(-(d2+e?+f24+1) (-h b%+c g b+a c h b+a i b-a c? g-a g-htc i)+ (b dtc etf) (begacegaf
g—bdh+acdhfh+adi+e i)+(eb2+cdb+aceb+afb-ac2 d—ad—e+c f) (d g+e h+fi+j)) (g k+h m+i n+j p+q)))-b (a b+c) (-c j2 2
P fch q f2cf2+2Cngf2+ej f+ep f+e2] q fhjq f+2cijq fref-hjf+2cijfmpf+2cnpf+jmqf-2cjnqf+hpqf2
cipqf2ejpqfci?cn?ci?q?+hiq? -eijg“-cthi-eijtfmn-enp-img-hng+2cing+tejnqgteipq) (-(gk+h m+in+jp+q) (-b
pr+acJpfszqf2+acqf2+b_]nffac_]nffgpf+ahpf+b1pfaclpf+djpfaerf+dqfaeqf+gnahnfbin+acinfdjn+a
ejnbqtacq)t(d kte m+fntp) (bpi-acpi’-bjnitacjni-gpitahpitdjpi-aejpi-bfjpitacfjpitdqiaeqibfqita
cfqid j2 n+a e j2 n+b ij n-a c fj2 n-d n+a e n+b fn-ac fn+gj n-a h j n+b p-a c p-b j gta cj q)-(a k+m) (a j2 n 92+a n e?-a ij P
ez—aiqe2—afj2meafme+aijmedj ne+bfj ne—acfj nedne+bfneacfne+gjneQahjnebijne+acijne+bi

e-aci2pe+b eacpe—glpe+ah1pe+afhjge+d1]pebfl]pe+acf13pe+athe+d1qebflqe+acf1qebJqe+aclq
ebf2m+acf mb12m+acl m-b 2 j“ m4acf m+de2mbm+acm+dfm+g1mah1mngm+afhjmd1jm+2bf1jm2
acflJm+ah2n+anghn+bh1nach1n+thnbfhjn+acfhjnafh2paprrfghgbf}\1£)+acfhlg+bf2thacf2hJ
pdf}:Jp+bf hq—acf hq+bhq—achq—dth—a1q+aqu)+k(cf2ma+Cl m aZ+c f efJ ma+cma2efma2h1
ma +fhjma +e1Jma 2cf1Jma+e n a +h2na2+e ‘2naz—cefJ na2—cefna»ch1na 2etha+cfh2]na +ceij
na «l»nanh2 a2—cel paQ»cepa fpa +eh1pa +cfh12pa—cf2hjpa+efhjpa -e? 1Jpa+cef1]pa»cf hqa—chq
a+ethafe iqa +cef1qaflga +cej%a+quafcf k a-c i2 k a-c f2 2ka+efj kackatefkathikafhjkaeijk
a+2cfijkafbf2mabl2mabfj m a+d fj m&bma«kdfma«kglmafg]madljma+2bfijmaf2dej2na+cdfj2na+b
cfj2na-2dcna+cdfna+bcfna-2ghna+cgina+bhina+2cgjna—cfgjna+2dhjna—bfhjna-cdijna—bcijna+cd
2pa+bci2pa+cdpa+bcpa+2fghpa—cgipa—cfgipa-dhipa-bfhipa+cf2gjpa—cfgjpa+bf2hjpa—dfhjpa+2dci
jpa—cdfijpa-befijpa+cf gqa+cgqa—efgqa+bf2hqa+bhqa—dfhqa+2deiqa—cdfiqa—befiqa—cdjqa-bejq
a+bf2k+bi2k+bf2j2kdfj k+bkdfk-g1k+fg3k+d13k2bf13k+d2n+g n+d? znbdf_] n-bdfnbgin2dgjntbfg]
n+bd13n+n—fg pbdl gbdpfp+dg1p+bfg1p—bf g]p+dfg3pd 1Jp+bdf13pbf gq—bgq+dfgq— igq+bdfiqg-iqg+b
qu+qu)+(bJ2f2+aC_] 2 bf+acf+d32faej2f+dfaefgjf+ahJf+2b1]f2ac1]fb12+ac12—b+ac+g1ah1d13+ae
ij) (K24+m24n2+p2+q%2+1)))))-q (g k+h m+i n+j p+q) (-g (-g a>+a h q?+biq?-aciq?+djqg?aecjq?bfjq’+acfjq’+k gamg-b
ngtacng-dpqgtaepqt+bfpg-acfpqggtahtbi-acitdjaejbfjtact)) ((bdtcetf) (—fq2 j2-f j2+i q% j+ijn q j+2 fp q j-f
p2-f+n p-i p q) ((a d+e) (b k¢ m+n) (-n+f p+i q-f j q) (-e g% j2+c £ q? j2-e j24+c fj?>+h q? jciq? j+hjcijmqj+cnqj+2epqj2c
fpqj-e p2+cfp2—e+c f4+m p—cnp-hpq+cipq)—(b d+c e+f) (a k+m) (-m+c n+e p-c f pt+h g-cig-ejgtcfjq) (—qu §2-f 3241 g2 j+i
jnaj+2 fpqjof p?-n pei p @)-(d24e+241) (a® 4522 p a j+p?+1) ((a b+e) (b ke min) (ntfpti af j q) (e j? £-c p? £-c ? ¢
f20f2+26J2qu+eJ f+ep f+eJ q chq f+201;q f+ef-hjf+2cijfmpf+2cnpf+jmqgf2cjngf+hpqgf2cipqgfej
quc1—(:n -ci q+h1q2eljq2»0+hlelj+mnenp1mqhnq+2c1nq+eJnq+elpq) (b2+c2+1)(ak+m)(m+cn+epcfp+h
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a-cigejatefia) (i° 24p% 2+i% o> 22 p q 24221 jq® £21j£2n p f+2jn q £+2 i p q f+i°+n’+i% ¢%-2 i n q+1))+(d k+e m+f
n+p) (j a-p) ((a be) (b dtc etf) (-f @ j2-£ j2+i q® j+i j-n q j+2 £ p q j-f p?-f4n p-i p @) (-c % P-c p? 7-c % ¢ P-c P42 ¢ jp qfPtej?
f+e p2 f+e j2 q2 f-h j q2 f+2cij q2 f+ef-hjf+2cijfmpf+2cnpf+jmqgf-2cjngf+hpqgqf2cipqgf2ejp g f-c i%-c n?-c i? q2+h
iq2—eijq2—c+h i-e i j+m n—enp—imq—hnq+2cinq+ejnq+eipq)—(b2+c2+1) (a d+e) (-e q2 j2+ch2 j2—ej +c fj2+h q2 j—ciq2
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q2f+2cijq2f+ef—hjf+2(:ijf—mpf+2cnpf+jmqf—2cjan+hqu—2ciqu—2ejqu—ci2—0n2-0i2q2+hiq2-eijq2-c+hi-ei
jf+mn-enp-img-hnqg+2cinqg+ejnqgteipq) (-(g k+h m+i n+j p+q) (-bjp 2 ta cjp 2-b q 21ac q f2+bj nfacjnf-gpftahp
f+bipfacipf+djpfaejpftdqfaeqftgnahnbintacin-djntaejn-bqtacq)+(dk+em+fntp) (bpiZacpi’bjnita
cjni-gpitahpitdjpicaejpibfjpitacfjpitdqiaeqibfqitacfqidij’ntaej?ntbfij?n-acfj?ndntaentbfn-ac
fn+gjn—ahjn+bp»acp—bjq+acjq)»(ak+m)(aj2ne +ane—aijpe—aiqe—afj meafmetaijmedj“netbfj“neact
j nedne+bfneacfne+gjn82ahjnebl]ne+ac1)ne+b1 peacl pe+b2peac eglpe+ah1;e+afh‘]pe+d13peb
fl_]pc+acf1jpc+athc+d1qcbf1qc+acf1qcb_]qc+acJqcbf2m+acf m+a c i? m-b f m+acfj m+de
mbm+acm+dfm+g1m—ah1mfg_]m+achmd13m+2bf1_]m2acf1]m+ah2n+anghn+bh1n—ach1n+dh_]nbfhj
n+acchn—afh2gafp+fghB-bfhip+acfhip+bf2hjp—acthJ dfh_]p+bf2hq—acf2hq+bhq—achq-dth—a1q+afg
q)+k(cf2ma +ci ma2+cf2j az—eszma2+cma2—efma2—hima +chma +elJma22cf13ma2+e n a +h2na2+e
na2cef1 na?cefna?china? 291)]na+cfh]na +celjna +n a?-f h? p a?-c e i? p a’-c e p a2 fpa+eh1pa2+cfh1p
a szhjpa +echpa2-e21Jpa +cef1Jpach2hqa20hqa +etha2921qa +cef1qa2-1qa +ce33a +qua ¢ f2 k
a-c i2 ka—cf2j2ka+efJ2ka—cka+efka+h1ka—fh3ka—elea+2cf13ka—bf2ma—lema-bf2J2ma+de m a-b m a+d f m
a+g1ma—fgjma—d13ma+2bf13ma»2de3 na+cdf3 na+bef32na-2dena+cdfna+befna—2ghna+cg1na+bh1n
a+2ngna—cngna+2dh3na»bchna—cd13na—be13na+cd1 pa+be1 pa+cdpa+bepa+2fghpaeg1pa»cfg1pa—d
hipabfhipatcf nga—engpaH»bf tha—dchpa+2deljpa—cdfljpa—befljpaJrcfzgqa+cgqa»efgqa+bf
hqd+bhqa—dfhqa+2delqd»cdflqa—beflqd—cdjqd»bejqd+bf2k+b1 k+b 2 'defj k+b k-d fk-gik+fgjk+dij
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k-2bfijk+d2n+g2n+d2j2n-bdfj2n-bdfn-bgin-2dgjn+bfgjn+bdijn+n-fg2p—bd1 pbd fp+dg15)+bfg1pbf2gj
p+dfgjp-d2ijp+bdfijp—bf2gq—bgq+dfgq—d2iq+bdfiq—iq+bdjq+fjq)+(—bj f2+acj bf2+acf —ac_]zf+d
f—aef—gjf+ahjf+2bijf—2acijf—bi+aci—b+ac+giahidij+aeij)(k2+m +n?4p2+q +1)))))(k2+m +n?+p +q2+1)(g(g
q2+ahq2+biq2-aciq2+djq2—aegq bqu+achq+kqamqbnq+acnqdpq+aepq+bquacfgqg+ah+b1a01+d
j-aej-b fjtactj) (bdtcetf) (-f g% j2-f j2+i g% j+i jn q j+2 £ p q j-f p>-f+n p-i p q) ((adJre) (bg+ch+1)(lq +fj q®+n q-f p q-i+f
J')(-6q2j2+ch2j2-6j2+cfj2+hq2jCIq j+h j-cijmqjt+enqj+2epqj2cfpaqjep’+cfpiete f+m p-cnp-hpgtcipq)-(b
d+4c e+f) (a g+h) (-h q®>+c i q®>+e jq?-cfjq?+m q-c n g-e p q4c f p g-h+c ite j-c fj) (-f g% j2-f j2+i q% j+i j-n q j+2 f p q j-f p2-f4n p-i
p @)-(@%+e? +1241) (a® °+j%-2 p q j+p?+1) ((a btc) (b gte hti) (i a®+1j a®+n a-f p a-i+f ) (-c % 2-c p? 2-c j? ¢ P-c P42 cjpq
f2+ej2f+ep2f+e‘2q2f—hjq2f+20ijq2f+ef—hjf+2cijf—mpf+20npf+jmqf—QCjan+hqu—2ciqu—2equf—ci2—cn2-c
i2 q>+hiq%eijq®cthieijtmnen p-imghnqgt+2cingtejnqgteipq)(b?+c?+1) (ag+h) (-h q®+cig?+eja?cfjq?®+magcn
a-e p g+c f p g-htc ite j-c £j) (52 24p? 2452 o2 f2-2j P f2+f2»2 ijq? £2ijf2np f42inqf+2ipq f+i2+n2+i2 q?-2 in a+1)+(d
g+e bt i) <»jq2+pq-j) ((a bre) (bd+ce+f>(fq i2-£3%+i a® j+i jm q j+2 £ p q jf p?-f+n p-i p q) (-c j% P-c p? ¢ j% % Pc P42 ¢
qu2+cj f+02p f+c2J q chq f+2c13q f+cchf+2c1Jf—mpf+2cnpf+Jmqf2c_]an+hqu2c1qu2c_]5)qf—cl-c
-ci q+h1q-cqu-c+h101j+mncnplmq-hnq+2<:1nq+cJnq+clpq)(b2+c +1)(ad+c)(cq 12+ch j%-e j+c fj%+n
q jeiq® J+hJ01JmQJ+CDQJ+29P<1J2Cfp¢l.lep +c f p2-etc f+m p-c n p-h p g+cip a) (2 24p® 2+j2 o® £2-2 ) p q 2422 j
q F2ijf2npf2inaft2ipg f+i +n +i2 a®-2in atD)+(b gte hti) (- a®+fj a®+n a-f p g-i+f ) (d (-d o® j*+a e ® j°+b £ q®
j%-acfq?®j?dj?+aej?+bfj? -acf2J +gq Jahg Jbl% jtaciq®jtgjahjbijtacijkqjtamaqj+bnqjacnqgjt+2dpqj2
dequ2bquJ+2acquJdp +dep +bfp dCfp d+ae+bf—dcf+kp—amp—bnp+acnp—gpq+ahpq+bipq»acipq)((a
d+e) (b g4c hti) (-i a®+fj a®+n a-f p q-i+f j) (-e a® j°+c f q® j%-e ®+c £j°+h q® j-ciq® j4+hjcijmajtcnqj+2epqj2cfpaqje
p2+c fpz-e+c f+m p-c n p-h p g+c i p q)-(b d+c e+f) (a g+h) (-h q2+ciq2+ejq2—c qu2+m g-c n g-e p g+c f p g-h+4c ite j-c fj) (—qu
i2-fj%4i o? j+ijn q j+2 £ p q j-f p>-f+n p-i p q))-(d®+e?+£2+1) (o j2+j%-2 p q j+p>+1) (a (b g+c h+i) (-i a®+fj a®+n o-f p a-i+f j) ((g
k+hm+in+jp+q)(ainc—afjnczafipc +af2jpc +af2qc2+aq02—aimc+afjmc+gncahncbincdjnc+aejnc+bfj
nc—fgpc+afhpc+aelpc+bf1pcbf Jpc+dfjpc—2&efjpcbf2qcch+dch2aechgm+ahm+b1m+d]maeJm—b
me+egpaehpbelp+ae deer+bepr+ae gq+a g-d e g+b e f q)- (dk+em+fn+p)(—afj nc?afnc?4aijnc?ai?pcia
pc +af1jpc +af1qc +ajqc +afj mc+afmc—a13mc—dj2nc+ac] nc+be ncdnctaenctbfnectgjncahjnebij
nc+bi2pc+bpc—gipc+2ahipc—afhjpc+dijpc-acijpc—bfijpc—athc+diqc-aciqc—bfiqc—bjqc+dj2m—acj2m—bf
'2m+dm-aem—bfm—gjm+ahjm+bijm-ahZp—ap+ghp—bhip—dhjp+aehjp+bfhjp—dhq+aehq+bth+ajq)+(bk+c
m+n)(aj ne +ane2—aijp92—aiq92—afj2meafme+aijmedj2ne+bfj2neacfj2nedne+bfneacfne+gjneQahjn
e—bljne+ac1Jne+b1 p63012pe+bpeacpeg1pe+ah1pe+achpe+d1JpebflJpe+acf1Jpe+athe+d1qebf1q
e+acf1qeb3qe+ac3qe—bf2m+acf2mb1 m+ac12mbf232m+acf232m+dfj mbm+acm+dfm+g1mah1mfg3m+af
thlem+2bf13m2acf1Jm+ah n+an—ghn+bh1nach1n+thnbchn+acfh3nafh pafp+fghpbfh1p+acfh
1p+bf thacf thdchp+bf hq—dcf hq+bhqdchqdth—d1q+dqu)(df2c +a i? C2+df2j 62+dC2—23f1JC2—bf2
c-b i? c-b £2 20+dfj c2aefJ cbc+dfc2aefc+glcQahlcfg%c+2afh_]clec+2ael£c+2bf1£c+ae +ah2+ae 2de
i’+be fj2+a—d e+bef-ghtbhitegjtdhj2aehjbfhijbeij) (k%+m?+n?+p2+q?+1)-k (-(g?+h%+i%+j%+1) (-(d2+c2+f2+1) (-m
b2+ckb+acmb+anb-a c? k-a k-m+c n)+(b d+c e+f) (b e k-ace k-a fk-bd m+acd m-f mt+ad n+e n)4(-e b2+cdb+aceb+afb—a
2 d-a d-etc f) (d k+e m+f n+p))+(d g+e h+f i+j) (-(d g+e h+f i+j) (-m b2+4c k b+a ¢ m b+a n b-a ¢ k-a k-m+c n)+(b d+c e+f) (b h
k-a ¢ h k-a i k-b g m+a ¢ g m-i m4a g n+h n)+(-h b2+cgb+achb+aib-a 2 g-a g-h+c i) (d k+e m+f n+p))-(b g+c h+i) (-(d g+e h+f
i+j) (bek»acek»afk»bdm+acdm—fm+adn+en)+(d2+e2+f2+1) (bhk-achk-aik-bgm+acgm-imtagn+hn)+(beg-aceg-a
fg-bdh+acdh-f h+a d ite i) (d k+e m+f n+p))+(—(d2+c2+f2+1) (-h b2 4c g b+achb+aib-a 2 g-a g-h+c i)+(b d+c e+f) (be g-ac
eg-afgbdhtacdh-fhtaditei)+(-e b24+c d b+a ce bta f b-a c? d-a d-etc f) (d g+e h+f i+j)) (g k+h m+i n+j p+q)))-b (a g+h) (-h
q2+c i q2+ej q2—c fj q2+m g-c¢ n g-e p g+c f p g-h+c i+e j-c fj) (-(g k+h m+i n+j p+q) (-bjp 21a cjp 2-b q 21ac q f2+bj nfacjn
f—gpf+ahpf+bipf—acipf+djpf»aejpf+dqf—aeqf+gn—ahnbin+acindjn+aejan+acq)+(dk+em+fn+p)(bpi2—ac
pi2»bjni+acjni—gpi+ahpi+djpi»aejpi—bfjpi+acfjpi+dq21aeq1bfq1+ach1d n+aej2n+bfj2n»acfj2n—dn+a
entbfnacfntgjnahjntbpacpbjqtacjq)(ak+m)(aj?ne’+ane?aijpe’aiqe’afj?meafmetaijme-dj?netb
sznc—acfj2nc—dnc+bfnc—acfnc+gjnc—2ahjnc—bijnc+ac1_]nc+b12pc—ac12pc+bpc-acpc—gipc+ahipc+afhjg
e+dijpe—bfijpe+acfijpe+afhqe+diqe—bfiqe+acfiqe-bjqe+ache—bf2m+acf2m—bi2m+aci2m-bf2j2m+acf
2m+dfj2m—bm+acm+dfm+g1mah1mngm+achm—d13m+2bf13m23cf13m+ah n+an-ghnt+bhin-achintdhj

n-bfhjn+acfh]n—afh 2paf5)+fg gbfh1p+acfh1p+bf2h3pacf hjp2dfhjp+b2f2hq—acf hq+bhq—achq—dth—a1

q+aqu)+k(cf2ma+c1 +cf2 m a eszma2+cma2efma2h1ma+chma+e1]ma220f1]ma2+e2na+h n
a+e j na2cefJ naz—cefnaQChxna 2etha +cchna +ce1éna +na _f h2 pa2—cei2paQ—cepaQ—fpa2+ehipa2+c
fhlpaQszhJQpa+ech -e“ijpa“+cefijpa“-cft hqa chqa+ethae1qa+cef1qa2—1qa2+ce qa“+fjqa“-c

2 k a-c i k a-c f k ate fj ka»cka+efka+h1ka—fhjka»eljka+2cf13ka—bf m a-bi? m a-b f2 j2 m at+d fj°> m a-b m a+d f
md+g1md—ngmd—dijmd+2bf1jmd—2de)2nd+cdf3 nd+befj2nd—2dend+cdfnd+befnd»2ghnd+cgind+bhin
a+2eg]na—cngna+2dhjna»bfhjna—clena—belJna+cd12pa+b612pa+cdpa+bepa+2fghpaeg1pa»cfgl a-d
h1pa—bfh1pa+cf nga»efg]pa+bf hJpa—dchpa+2delJpa»cdflJpa—beflJpa«H:f gqatcgqaefgqat+bf“hgqg
a+bhqadtha+2delqacdflqabeflqachqabean+bf2k+b1 k+b 2 defj k+b k-d fk-gik+fgjk+dijk-2bfi
jk+d2n+g2n+d2j2nfbdsznfbdfnfbginf2dgjn+bfgjn+bdijn+nffg2pfbdi2pfbdpffp+dg12p+bfg1pbf2g_]p+dfg
jpd?ijptbdfijpbf2gqgbgqtdfgaqgd?iqtbdfigiqtbdjqtf]j q)+(—bj2 f2+a cj? 2-b f2+ac 24 “a e j2 f+d f-a e f-g
jf+ahjf+2bijf2acijfbi+aci—b+ac+giahidij+aeij)(k2+m +n? +p +q +1)))+(dg+eh+f1+3)(jq+qu)(a(bd+c
e+f) (-f g2 j%-f j%4i q? j+i jn q j+2 £ p q j-f p2-f+n p-i p q) ((g k+h m+in+j p+q) (ainc®afjnc?afipc®+af?jpc?+af? qc?taq
c2»a1mc+af3mc+gnc—ahncb1ncd3nc+ae3nc+bencfgpc+afhpc+ae1pc+bf1pcbf2Jpc+de C-Zaefjpc»bf2
qcch+dch2aechgm+ahm+b1m+djmaememe+egpaehpbe1p+ae jp-dejpt+befjptae® gtag-deqg+bef
q)(dk+em+fn+p)(—dfj nc“-afnc‘taijnc-ai“pc“-apctafijpct+afiqc®tajqc®+afj“mc+afmece-aijmec-dj® ncta
e_] nc+be ncdnc+aenc+bfnc+gjncfahjncfbijnc+bi2pc+bpcfgipc+2ahipcfafhjpc+dijpcfaeijpcfbfijp
c—athc+diqc-aciqc—bfiqc-bjqc+dj2m—acj2m—bfj2m+dm-acm-bfm—gjm+ahjm+bijm—ah2p—ap+ghp—bhip-dhj
p+aehjp+bfhjpdhaqtaehqt+bfhaqgtajq)+(bktcm+n) (aj?ne’+ane?aijpe’aiqe’afj?meafmetaijmedi’n
e+bfj2ne—acfj2ne-dne+bfne—acfne+gjne-2ahjne—bijne+acijne+bi2pe—aci2pe+bpe—acpe—gipe+ahipe+af
hjpe+dijpe-bfijpe+acfijpe+afhqe+diqe-bfiqe+acfiqe—bjqe+ache-bf2m+acf2m—bi m+a c i m—bf2j2m+a
cf2'2m+dfj mbm+acm+dfm+g1mah1mfg]m+a,fh]md13m+2bf1]m2acf11m+ah2n+an%hn+bhin—achin+d
thbchn-l»acfh%nafh pafp+f2ghpbfh1p+a,cfh1p+bf thaCf hipdfhjp-l»bf hgacf“ hgt+bhgachqg-dfh
q—a1q+aqu)(af c?+a i’ c+afj c+ac—2af1ch»bf2cb120be ct+d fj CZaefJ cbectdfc-2aefctgic2ahicfg
jcet2afhjedijct2aeiject2bfijctae +ah2+de deJ +befJ +a-d e+b e f-gh+bhitegjtdhj2aehjbfhjbeij)
(k2+m2+n2+p2+q2+1)7k (7(g2+h2+i2+j2+1) (f(d2+e2+f2+1) (-m b24c k b4+a ¢ m b+a n b-a ¢ k-a k-m+c n)+(b d4c e+f) (b e k-ace
k—afk-bdm+acdm—fm+adn+cn)+(-cb2+cdb+accb+afb—ac2 d-a d-e+c f) (d k+e m+f n+p))+(d g+e h+f i+j) (-(d g+e h+f i+j)
(-m b%24c k b+a ¢ m b+a n b-a ¢ k-a k-m+c n)+(b d+c e+f) (b h k-a c h k-a i k-b g m+a ¢ g m-i m+a g n+h n)+(-h b24c g b+a c h b+a
i b-a c2 g-a g-h+c i) (d k+e m+f n+p))-(b g+c h+i) (-(d g+e h+f i+j) (b e k-a c e k-a f k-b d m+a ¢ d m-f m+a d nte n)+(d2+62+f2+1)
(b hk-achk-aikbgmtacgm-i mtagnthn)+(beg-aceg-afgbdh+tacdhfhtaditei) (dk+te m+fn+p))+(—(d2+e2+f2+1)
(-h b2+cgb+achb+aib7a 2 g-a g-h+c i)+(b d+c e+f) (b e g-ace g-afg-bdh+acdh-f h+ad itei)+(-e b24+cd b+acebtafb-a
2 d-a d-e+c f) (d g+e h+f i+j)) (g k+h m+i n+j p+q)))-b (a d+e) (-e a? j*+c f ? j%-e j®+c £ j?+h q? jciq® j+h j-cijm qjtcn qjt2
epdqj2cfpaqjep’+cfp?etcftmp-cnphpatcipa)(-(gk+hm+intjpta) (-bjpfP+acjpfi-bagfi+acqf’+bjnfacjnfg
pf+ahpf+bipfacipf+djpfaejpf+dqfaeqf+gnahnbin+acindjn+aejan+acq)+(dk+em+fn+p)(bpiz»acp
1»bJnl+dc]n1gp1+dhpl+d]p1aejplbep1+dchp1+dq1aeq1bfq1+dch1dj n+aej2n+bfj2n»acszn—dn+ae
n+bfnacfn+gjnath+bpacp—qu+aCJq)(ak+m)(aJ ne‘“+ane‘-aijpe‘raiqe‘-afj“meafmetaijme-dj net+bf

j2nc-acfj2nc—dnc+bfnc—acfnc+gjnc—2ahjnc-b1jnc+acijnc+bi2pc-aci2pc+bpc-acpc—gipc+ahipc+afhjp
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C+dijpc—bfijpc+acfijpc+athc+diqc—bfiqc+acfiqc-bjqc+achc—bf2m+acf2m—bi2m+aci2m-bf2j2m+acf2
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a+cma —e fm a2 hima2+fhjma2+eijma2QCfijma +e na+h2na +e2'2na2cefj na2cefna? chlna—2eh3n
a+thjna,+ce1%na2+na2fthaz-cel2pa2cepa2fpa2+eh1pa2+cfh1pa2cf2tha+efhjpa2—e2ijpa2+cefijp
a2cf2hqa -chqa +etha -e“iqa +cef1qa2»1qa2+cejqa +qua2cf2ka—01 k a-c f ka+efJ ka—cka+efka+h1k
a—fhjka—exjka+2cf1jka-bf2ma—b1 m a-b 2 2ma+de ma-bma+dfma+g1ma—fgjma—dnJma+2bf1Jma—2deJ
na+cde na+bef'£ na2denatcdfnat+befna2ghnatcginat+bhinat2egjnacfgjnat+2dhjnabfhjna-cd
ijnabeijnatcdi pa+bei2pa+cdpa+bepa+2fghpa»eglpa—cfglpa»dhlpa»bfh1pa+cf2gJpa—efgjpa+bf
tha—dchpd+2delJpa»Cdf]%pa—befl‘]derCf gqa+cgqa—efqu+bf hqa+bhqd—dtha+2de1qa»cdf1qd—b
efiqacdjqabejqatbf ktbi k+bf i k-d fj2 k+bkdfkg1k+fg,Jk+d13k2bf1Jk+d2n+g2n+d 2nbdf] n-bdf
nbganngn+bngn+bd1Jn+nfg bd12pbdpfg+dg12p+bfglpbf g]p+dfgjpd 1_]p+bdf13pbf g g-b g q+d
fqu2iq+bdf1q1q+bd]q+fjq)+(bJ2f2+acj2f27b +acf+dj faeJ f+dfraef-gjf+ahjf+2bijf-2acijf-bi“4ac
#-btactgiabidijtaci)) ((4m’t0’+p%+q’ +1)) (a2 e +241) (@ 2 4i%-2 p a j+p°+1) (a (bP+c?41) (7 £24p £24)% o* £2-2 ]
qu2+f2-21jq f2ijf2npf+2jan+2iqu+i +n?+4i? q 21nq+1)((gk+hm+in+jp+q)(aianafjnc2—afipc +af2jp
c2+a f? q c?4a CQ—almc+afJmc+gncahncb1nchnc+aeJnc+bencfgpc+afhpc+ae1pc+bf1pcbf2 pctdfj
c-2aefjpcbf qcbqc+dch2aequ§m+ahm+b1m+dJmaez]mbemjtegpaehgbexpﬁ»ae jp-dejptbefjptae
q+aq—deq+befq)(dk+em+fn+p)(afJ ncafnec +a1Jnc»al pc—apc +af1Jpc +af1qc +ajqgqc“t+afj“mecectafm
c—al]mc—d]znc+aej nc+be ncdnc+aenc+bfnc+gjncah]ncbljnc+b1 pctbpcecgipc+2ahipcafhjpctd
i;pc—aeijpcfbfijpcfathcw‘»diqcfaeiqcfbfiqcfbjqc+dj2mfaejr‘)mfbszm+dmfaem7bfmfgjm+ahjm+bijmfa
pfap+ghp7bhipfdhjp+aehjp+bfhjp—dhq+aehq+bth+ajq)+(bk+cm+n)(aj2n82+an527aijpe—aiqe2fafj
meafme+a1jmedj ne+bfj ne—acfj nedne+bfneacfne+gjne—2ahjnebijne+acijne+bi peacl pe+bg
e-a c e—glpe+ahlge+afh_]pe+d13pebflJpe+acflJpe+afhqe+dlqebf1qe+acf1qebJqe+acJqebf m+a c f
mbl m+a ciZ m-b f m+ach m+df] mbm+acm+dfm+glmah1m—ngm+achmd13m+2bf1_]m2acf1_|m+a
h n+anghn+bh1nach1n+dh]nbchn+acchnafh 2p §+fghpbfh1p+acfh1p+bf hjpacf thdchp+b
2 hqacf hq+bhq—achqdthalq+aqu)(af202+al C+30223f1_]0—bf cb12cbf 20+df12023ef3
c—bc+dfc2aefc+g1c2ahlc—ngc+2afhgcd1jc+2ae1Jc+2bf13c+ae+ah2+ae deJ+befJ +a-d e+b e f-g h+b
hitegjt+dhj2aehjbfhijbeij) (kP+m?+n°+p2+q2+1)-k (-(g2+h2+i%+j2+1) (-(d24e®>+f2+1) (-m b%+c k b+a ¢ m b+a n b-a c?
kak—m+cn)+(bd+ce+f)(bek—acekafkbdm+acdmfm+adn+en)+(eb2+cdb+aceb+afbac d-a d-e+c f) (d k+e m+f
n+p))+(d g+e h+f i+j) (-(d g+e h+f i+j) (—mb2+ckb+acmb+anb—ac2 k-a k-m+c n)+(b d+c e+f) (b hk-achk-aik-bgm+tacg
m-i m+a g n+h n)+(-h b2+c g b+a c h b+a i b-a ¢? g-a g-h+c i) (d k- m+f n+p))-(b g+c h+i) (-(d g+e h+fi+j) (b ek-acek-afkbd
m+a ¢ d m-f m4a d n+e n)+(d?+e?+£2+1) (b h k-a c h k-a i k-b g m+a ¢ g m-i m+a g n+h n)+(b e g-ace g-afgbdhtacdhfh+ad
i+e i) (d k+e m+f n+p))+(—(d2+e2+f2+1) (-h b2+c g b+ach b+aib-a c? g-a g-h+4c i)+(b d+c e+f) (b e g-aceg-afgbdhtacdhf
h+adi+ei)+(eb2+cdb+aceb+afbfac2 dfadfe+cf) (d g+e h+f i+j)) (g k+h m+i n+j p+q)))-b (a b+c) (fcj2 fzfcp2 f2cj2 q2 2_¢
f2+2cjpgf2+c3 f+cp f+cJ q chq f+2c1]q f+cchf+2c1_]f—mpf+2cnpf+_]mqf2anqf+hqu2c1p%f2c_]p
qul-CD—Cl q+h1q-equ—c+h1elJ+mnenplmq-hnq+2c1nq+e]nq+elpq)((gk+hm+1n+]p+q)(b]pf +acjp
fz-bqf2+acqf2+b3nf—aCJnfgé)f+ahpf+b1pf-a01pf+djpf—aeJpf+dqf—aeqf+gnahnb1n+ac1ndJn+aeanq+ac
q)+(dk+em+fn+p)(bpi—acpl—bjni+acjni—gpi-&-ahpi-&-djpi—aejpi—bfjpi+acfjpi+dqi—aeqi—bfqi+achi—dj2
ntaej?n+bfj? n-acfj?ndntaentbfnacfntgjnahjntbp-acp-bjaqtac; q)-(a k4+m) (a i?ne’+ane?aijpe?aiqe’at
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j2mc-afmc+aijmc—dj2nc+bfj2nc—acfj2nc—dnc+bfnc-acfnc+gjnc-2ahjnc—bijnc+acijnc+b12pc—aci2pc+b
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24act?4dj? faej?f+dfaef-gjf+ahjf+2bijf2acijfbi’4aci’b+act+gi-ahidijtaecij) (kK2+m?+n?+p2+q3+1)))))
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