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1. Introduction
The generating function for the Bernoulli numbers is given by [1–4]:

∞∑
n=0

Bn
tn

n!
=

t

et − 1
(1)

which, for t = 1
z , gives the following Z-transform [5–7] for the sequence {B00!, B11!, B22!, . . . }:

1

z

(
e1/z − 1

)−1
= Z

{
Bn

n!

n!

}
(2)

In Sec. 2, we determine the sequence Qn
n!
n! such that:(

e1/z − λ
)−1

= Z

{
Qn

n!

n!

}
, λ ̸= 1 (3)

In Sec. 3, we use these relations to deduce Sun’s binomial inversion formulae [8–10].
The Sec. 4 considers the case λ = −1, and it is proven that the corresponding Qk can be

written in terms of Bernoulli numbers. Sec. 5, for λ ̸= 1, shows the connection between Qm and
Euler’s operator [11,12] via Grünert’s operational formula [2, 12,13].

2. Construction of the quantities Qn with the property (3)
It is evident from the identity:

1

z

(
e1/z − 1

)−1
− 1

z

(
e1/z − λ

)−1
= (1− λ)

1

z

(
e1/z − 1

)−1
·
(
e1/z − λ

)−1
(4)

where we can apply Z−1 to (2) and (3) to deduce the recurrence relation:

Bn − nQn−1 = (1− λ)

n∑
k=0

(
n

k

)
QkBn−k, n ≥ 0 (5)

For n = 0, this implies the value:Q0 = (1− λ)−1. The expression (5) is equivalent to:

nQn−1 = − (1− λ)

n∑
k=1

(
n

k

)
QkBn−k, n ≥ 1 (6)

This allows determining the quantities Qm. For example:

Q1 = − 1

1− λ2
, Q2 =

1 + λ

1− λ3
, Q3 = −λ2 + 4λ+ 1

1− λ4
, ... (7)

If we recall the property [1]:

n

j
S
[j−1]
n−1 =

n∑
k=j

(
n

k

)
S
[j]
k Bn−k, 1 ≤ j ≤ n (8)

involving the Stirling numbers of the second kind [1–3], then it is easy to obtain the following
explicit solution of (6):

Qn =

n∑
j=0

(−1)jj!

(1− λ)j+1
S[j]
n , n ≥ 0, λ ̸= 1, (9)

this is in agreement with the values of Q1, Q2, and Q3 obtained earlier. Hence, from (3) and
(9):

Z

 1

n!

n∑
j=0

(−1)jj!

(1− λ)j+1
S[j]
n

 =
(
e1/z − λ

)−1
(10)
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3. Sun’s binomial inversion formulae
If we consider the binomial expression:

Fn =

n∑
k=0

(
n

k

)
fk − λfn, n ≥ 0 (11)

then Sun [8–10] obtained the corresponding inversion formulae:

fn =
1

n+ 1

n+1∑
k=0

(
n+ 1

k

)
FkBn+1−k, λ = 1 (12)

fn = −
n∑

m=0

(
n

m

)
Fm

n−m∑
k=0

k!

(1− λ)k+1
Sn−m[k], λ ̸= 1; (13)

with the results deduced in Sec. 2 we can give elementary proofs of (12) and (13) in fact
from (11) for the case λ = 1:

Fn =
n∑

k=0

(
n

k

)
fk − fn ∴ F0 = 0 (14)

where we apply the Z-transform to obtain:

Z

{
F (n)

n!

}
= Z

{
F (n)

n!

}
Z

{
1

n!
− 1

}
= Z

{
1

n!

}
= e1/z (15)

then:

Z
{
f(n)

n!

}
=

(
e

1
z − 1

)−1
Z
{
F (n)

n!

}
(2) zZ

{
Bn

n!

}
Z
{
F (n)

n!

}
, (16)

such that:

zZ

{
F (n)

n!

}
= z

(
F1

1!z
+

F2

2!z2
+

F3

3!z3
+ . . .

)
= Z

{
F (n+ 1)

(n+ 1)!

}
, (17)

hence (16) implies the binomial transform: f(n)n! =
∑n

k=0
F (k+1)

(k+1)!
Bn−k
(n−k)!

which is equivalent to (12), q.e.d.
The Z-transform of (11) for the case λ ̸= 1 gives the relation:

Z

{
F (n)

n!

}
= Z {fnn!}Z

{
1

n!
− λ

}
= e1/z−λZ {fnn!}

therefore:

Z {f(n)n!} =
(
e1/z−λ

)−1
Z {Fnn!}

which implies (13) q.e.d.
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Remark 1
We can exhibit an alternative proof of (12). In fact, we know the relation [14]:

n∑
k=m

(
n

k

)(
k

m

)
Bn−k =

(
n

m

)
(Bn−m + δn−m,1) , n ≥ m ≥ 0 (18)

Thus:
n∑

m=0

n∑
k=m

(
n

k

)(
k

m

)
Bn−kf(m) =

n∑
m=0

(
n

m

)
Bn−mf(m) +

(
n

n− 1

)
f(n− 1)

Therefore:

nf(n− 1) =
n∑

k=0

(
n

k

)[
k∑

m=0

(
k

m

)
f (m)− f (k)

]
Bn−k,

in agreement with (11) and (12) for λ = 1.

4. Qn for λ = −1
From (11) and (13) with λ = −1:

F (n) =
n∑

k=0

(
n

k

)
f(k) + f(n), Qn =

n∑
j=0

(−1)jj!

2j+1
S[j]
n , (19)

besides we know the relation [2, 15,16]:

Bn+1 =
n+ 1

1− 2n+1

n∑
j=0

(−1)jj!

2j+1
S[j]
n (20)

therefore:

Qn =
1− 2n+1

n+ 1
Bn+1, Q2m = 0, m ≥ 1, f(n) =

n∑
j=0

(
n

j

)
1− 2n+1−j

n+ 1− j
F (j)Bn+1−j , (21)

which gives the following Z-transform [17]:

Z

{
1− 2n+1

(n+ 1)!
Bn+1

}
=

(
e1/z + 1

)−1
. (22)

5. Qn in terms of the Euler operator for λ ̸= 1
Grünert’s formula [2, 12,13] is given by:(

x
d

dx

)n

g(x) =
n∑

j=0

xjS[j]
n g(j)(x) (23)

for the Euler operator x d
dx [11, 12], which can be applied to the function:

g(x) =
1

x− λ
, ∴ g(j)(1) =

(−1)jj!

(1− λ)j+1
, (24)

Then (13), (23), and (24) imply the interesting relationship:

Qn =
n∑

j=0

S[j]
n g(j)(1) =

[(
x
d

dx

)n 1

x− λ

]
x=1

(25)

Thus, the first few values of Qn are:

Q0 =
1

1− λ
, Q1 = − 1

(1− λ)2
, Q2 =

1 + λ

(1− λ)3
, Q3 = −λ2 + 4λ+ 1

(1− λ)4
, . . . (26)
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Remark 2:
The inversion of (19) is given by:

(−1)n
n!

(1− λ)n+1
=

n∑
j=0

QjS
(j)
n (27)

in terms of Stirling numbers of the first kind [1, 2].

Remark 3
The inversion of (20) generates the Shirai-Sato identity [16,18]:

n∑
j=0

1− 2j+1

j + 1
Bj+1S

(j)
n =

(−1)n n!

2n+1
, n ≥ 0. (28)

Remark 4
From (21) and (25):

Bn+1 =
n+ 1

1− 2n+1

[(
x
d

dx

)n 1

x+ 1

]
x=1

. (29)

Remark 5
The expression (11) is a binomial transform [19] if λ = −1, then (25) implies that Qn = (−1)n

and thus (13) gives the well-known inversion property [2]:

F (n) =

n∑
k=0

(
n

k

)
f(k) ⇐⇒ f(n) =

n∑
k=0

(−1)n−k

(
n

k

)
F (k). (30)
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[12] J. López-Bonilla, J. Yaljá Montiel-Pérez, S. Vidal-Beltrán, On the Melzak and Wilf identities, The J. of

Middle East and North Africa Sci. 3, No. 11 (2017), pp. 1-3.
[13] T. Arakawa, T. Ibukiyama, M. Kaneko, Bernoulli numbers and zeta functions, Springer, Japan (2014).
[14] D. V. Dolgy, D. S. Kim, J. Kwon, T. Kim, Some identities of ordinary and degenerate Bernoulli numbers

and polynomials, Symmetry 11 (2019), p. 847-860.
[15] K. N. Boyadzhiev, Exponential polynomials, Stirling numbers and evaluation of some gamma integrals,

Abstract and Appl. Analysis 168672 (2009), pp. 1-18.

13



R. Sivaraman et. al. Sun’s Binomial Inversion Formulae ...
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