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1. Introduction
The generating function for the Bernoulli numbers is given by [1}-4]:

[e.9]

t" t
ZB”E T e 1 (1)

n=0
which, for ¢t = %, gives the following Z-transform [5-7] for the sequence { By0!, B11!, Bo2!, ... }:

i(el/z—1>_l_Z{B "'} 2)

In Sec. 2, we determine the sequence Qn% such that:

-1 |
(el/z—)\> :Z{Qn”;}, A£1 (3)
n!
In Sec. 3, we use these relations to deduce Sun’s binomial inversion formulae [8-10].
The Sec. 4 considers the case A = —1, and it is proven that the corresponding J; can be

written in terms of Bernoulli numbers. Sec. 5, for A # 1, shows the connection between @, and
Euler’s operator |11,|12] via Griinert’s operational formula [2,12,|13].

2. Construction of the quantities (),, with the property (3)
It is evident from the identity:

O R CEED RS RN

where we can apply Z~! to (2) and (3) to deduce the recurrence relation:

n

n
Bn - nQn—l = (1 - )\) Z <k‘> QkBTL—ky n >0 (5)
k=0
For n = 0, this implies the value:Qy = (1 — A)~'. The expression (5) is equivalent to:

nQn1=—(1-X3) (Z) QkBnk, n>1 (6)

k=1
This allows determining the quantities @,,,. For example:

1 L+ A M 44x+1
Ql__ﬁ7 Qz_ﬁu QS__W7“' (7)
If we recall the property [1]:
S =3 (Z) SVB,, 1<j<n (8)
k=j

involving the Stirling numbers of the second kind [1-3], then it is easy to obtain the following

explicit solution of (6):

i
Z = jHSM n>0\%1, (9)

this is in agreement with the values of @1, Q2, and Q3 obtained earlier. Hence, from (3) and
(9):

e w
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3. Sun’s binomial inversion formulae
If we consider the binomial expression:

FR:Z(Z)fk—)\fn, n>0 (11)
k=0
then Sun [8H10] obtained the corresponding inversion formulae:
n+1
1 n+1
Ja= g > ( N )Fan+1_k, A=1 (12)
k=0
=S (M)A S B s K A (13)
m=0 \"" = (L= , 7

with the results deduced in Sec. 2 we can give elementary proofs of (12) and (13) in fact
from (11) for the case \ = 1:

F, = zn: <Z> fo—fo o Fo=0 (14)

k=0

where we apply the Z-transform to obtain:

Z{}W}:Z{T}Z{;—l} :Z{;}:el/z (15)

e @ L () B\ [ F(
n 1 - n n n
2{ - }:(62_1) 2{ - }@zz{n'} { - } (16)
such that:
F(’I’L) Fy Fy Fs F(’I’L—I—l)
P78 SN0 Y (et W T B S S L i) 1
© { n! } Z<1!z+2122+3!z3+ (n+1)! (17)
hence (16) implies the binomial transform: f(n)n!=3"}_, %
“(n=k)!

which is equivalent to (12), q.e.d.
The Z-transform of (11) for the case A # 1 gives the relation:

Z{Fg‘)} - Z{fnn!}Z{;! - )\} = A ot}

therefore: .
Z{f(n)n!} = (el/z—k) Z {F,n!}
which implies (13) g.e.d.

11
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Remark 1

We can exhibit an alternative proof of (12). In fact, we know the relation [14]:

><k>Bnk_ <n> (Bn—m+6n—m,l)7 n=>m >0
m m

>(;

Thus:

mio knm (Z> (:;) By _f(m)

Therefore:

4. @, for A = -1

From (11) and (13) with A = —1:

F(n

n

=3 (;

k=0

n

afn-1=3(})

k=0
in agreement with (11) and (12) for A = 1.

)f(k-) i), Qu

besides we know the relation 2,15} 16]:

therefore:

1—2mtt

Qn = ﬁBn+17

Bn+1 =

QQm = 07

k
LO () )= s

n—+1

m > 1,

1 — 2ntl / 2J+1

7=0

which gives the following Z-transform [17]:
-1
B b= (1)

5. Q) in terms of the Euler operator for \ # 1
Griinert’s formula [2,|12}13] is given by:

g

(1

1— 2n+1
(n+1)!

d

dx

)ng(:v) =

fln) =

n

n
J=0

ijSH]g(j)(x)

J=0

Bn—k>

for the Euler operator :1:% [11,[12], which can be applied to the function:

1

Qozﬁv

g(z) =

1

r—\
Then (13), (23), and (24) imply the interesting relationship:

n ] ) d n
— Ul (1) = —
Qn = j§_0 sHlg (1) = [(xdg)

Thus, the first few values of Q,, are:

Q=

1

)2

-

Q2 =

1

A2 44 +1

- (~1)5!
9(])(1) = m,
1
..
14 A
m> Qs =—

12

(1=A)

P

(19)

(20)

(21)

(23)

(24)

(25)
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Remark 2:
The inversion of (19) is given by:

n

1 e = L sy (1)

in terms of Stirling numbers of the first kind [1}2].

Remark 3
The inversion of (20) generates the Shirai-Sato identity [16,|18]:

1— 2771 N (=1l
j=0
Remark 4
From (21) and (25):
n+1 d\" 1
B = — — . 29
=i () ) 2

Remark 5
The expression (11) is a binomial transform [19] if A = —1, then (25) implies that @, = (—1)"
and thus (13) gives the well-known inversion property [2]:

Py =3 (7)) = s = (-1 (3)F. (30)

k=0 k=0
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