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Abstract. We employ the Z-transform to obtain a recurrence relation to determine the
coefficients gn in

(∑∞
k=0 fkx

k
)p

=
∑∞

n=0 gnx
n, in terms of the quantities fk, where p is an

arbitrary real or complex number.
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Resumen. Utilizamos la transformada Z para obtener una relación de recurrencia que
determina los coeficientes gk en

(∑∞
n=0 fnx

n
)p

=
∑∞

n=0 gnx
n en términos de las cantidades

fm, donde p es un número real o complejo.
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1. Introduction
Gould [1] studied the relation: ( ∞∑

k=0

fkx
k

)p

=

∞∑
n=0

gnx
n, (1)

where p is any real or complex number, obtaining the recurrence relation:

n∑
k=0

[k(p+ 1)− n] fkgn−k = 0, n ≥ 0, (2)
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which allows determining the coefficients gn in terms of the quantities fk.
In Section 2, we employ the Z-transform [2, 3] to give a simple deduction of this recurrence

relation.

2. Z-transform Approach to Powers of Taylor Series
The expression (1) above, with x = 1

z , gives the following relation between the corresponding
Z-transforms of the sequences {fk} and {gn}:

(F (z))p = G(z), (3)

where we apply logarithmic differentiation to obtain:

pG ·
(
−z

d

dz
F

)
= F ·

(
−z

d

dz
G

)
,

which is the product of Z-transforms:

p · Z{gn} · Z{mfm} = Z{fm} · Z{mgm},

implying the convolution:

p
n∑

k=0

kfkgn−k =
n∑

k=0

fk · (n− k)gn−k,

in complete agreement with (2), q.e.d.
The relation (3) indicates an alternative manner to determine the coefficients gn, in fact,

first we construct F (z) for the sequence {fk}, which gives G(z) via (3), and finally we apply
Z-transform Z−1 [2–4] to obtain gj . For example, if fm = 1 for m ≥ 0, then F (z) = (1− z)−1,
and therefore:

G(z) =
zp

(z − 1)p
Z−1

−−−→ gn =

(
n+ p− 1

p− 1

)
,

that is: ( ∞∑
n=0

xn

)p

=

∞∑
n=0

(
n+ p− 1

p− 1

)
xn. (4)
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