Journal de Ciencia e Ingenieria, vol.16, no 2, pp. 33-39, 2024 Corporacion Universitaria Autbnoma del Cauca

http://jci.uniautonoma.edu.co ISSN 2145-2628, e-ISSN 2539-066X
DOI: https://doi.org/10.46571/JC1.2024.2.7 Special Functions

ﬁUniauténomn
DEL CAUCA

Journal de Ciencia e Ingenieria

Some congruences around Fermat quotients
Algunas congruencias relacionadas con los cocientes de Fermat

Laid Elkhiri*{]] (0J.D. Bulnes*P]((5) M.A.I. Travassos*P|®) and J.
Lépez-Bonilla**E]

# Department of Material Sciences, RECITS Laboratory, Tiaret
University, Algeria

T Dep. Ciéncias Exatas e Tecnologia, Universidade Federal do
Amapa, Macapa, 68903-419, AP, Brasil

** ESIME-Zacatenco, Instituto Politécnico Nacional, Ciudad de
México, México

Abstract. In this paper, we give some interesting congruences involving harmonic numbers

and sequences in the form W, = za™ +yb", related to Fermat quotients, such as > .-, W, H, =

f (mod p), for the cases m =p—1 and m = %, where gp(a) = “V;*l,a,b €Z —pZ.
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Resumen. En este articulo, presentamos algunas congruencias interesantes que involucran
nimeros arménicos y secuencias en la forma W, = za™ + yb", relacionadas con los cocientes
de Fermat, como Y.  W,H, = f (mod p), para los casos m = p—1y m = %1, donde

n=1
gp(a) = =1 a,b € Z — pZ.
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1. Introduction
Pierre de Fermat first stated the following result in a letter dated October 18, 1640, to his friend
and confidant Frénicle de Bessy:

“For all prime p and a € Z — pZ we have a?~! =1 (mod p).”
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The condition a € Z — pZ is equivalent to (a,p) = 1. It follows from Fermat’s small theorem
that

where gp(a) € Z. Fermat quotients have been of interest since the time of Eisenstein and Glaisher
in the nineteenth century. Glaisher [3] proved that for a prime p > 3:

p—1
anfl = —2¢,(2) (mod p). (1)
n=1

On the other hand, Guo-Chu [4] defined generalized harmonic numbers by:

n ok
Ha(n)zz?, TLGN,
k=1

where « is an appropriate parameter, and with a = 1 we have the harmonic numbers [1].
Wolstenholme [7] discovered that for any prime number p > 5:

H, 1=0 (mod p?).

The Binet formulas for the sequences {U,} and {V,,} are given by:

a™ —b"
Un = a_b Vo =a" +0b", (2)
where a and b are the roots of the equation 22 — rz — 1 = 0; when r = 1, U,, = F,, (the n-th
Fibonacci number) and V,, = L,, (the n-th Lucas number).

Granville 2] showed that for an arbitrary prime number p > 5:

(a—1)P 1 —aP +1

Hy, 1(a) D

(mod p),

and Koparal-Omur [5] gave the following congruence:

p_(Vat+1)P = (a-1P
2

- , (mod p).

In light of this important work, here we study some congruences involving harmonic numbers
and related to Fermat quotients.

2. Some congruences related to Fermat quotients
Firstly we give another proof of Glaisher’s congruence modulo p.
Theorem 1. For any prime p > 3 and a € Z — pZ, a # 1, we have:

H,_i(a) = —agp(a) + (a — 1)gp(1 —a) (mod p). (3)

Proof. From the expression:

p—1 p—2 p—2 p—2
apial_l = E aka — E aka = E ak+1Hk+1 — E aka,
k=0 k=0 k=0 k=0
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k+1

(a—1 Z ka+Zk+1

Since H,—1 =0 (mod p), we obtain the relation:

p—1
Zaka = Hf__lia) (mod p), (4)
k=0

besides, for any k € {1,--- ,p — 1}, clearly: (pgl) = (—1)*(1 — pHy}) (mod p?), then:

1—apt 12 /p-1 1 1823
G S (7 )t = 4 D S0kt - ptt) (mod p),

p Pz L =

115, 1 1 ! i}
=—+4+-> a" —pa"Hy (modp):f—i-fi—ZaHk (mod p).

P pi p p a-l

Thus:
(1—a)pPt-1 a aP7l -1 i
) P R =-) d"*H; (modp), (5)

from (4) and (5), the proof of (3) is complete.
In particular, since g,(£1) = 0, then for a = 2, appears the Glaisher’s congruence (1).
Theorem 2. For any prime p > 3 and ab € Z — pZ, a,b # 1, we have:

dp(a) + gp(b) = gp(ab)  (mod p), (6)

0(0) = ,(0) =g, (3)  (mod p). (7)

Proof. According to the very definition of Fermat quotients:

a7 — 1 (14 pgy(a)) (1+pgp(b) — 1
p p ‘

qp(ab) =

ap(ab) = qp(a) + qp(b) + pgp(a)gp(b) = gp(a) + gp(b)  (mod p),

and similarly:
—1
1 (l)p -1 1—qar!
Thus, the proof of (7) is complete.
Theorem 3. For any prime p > 3 and a,b € Z — pZ, a,b # 1 (mod p), we have:

bflbafl) ab
ZWkH —m-ﬂ]p ((1—a)(1—b)> (mod p), (8)
and: ) .
-y () fa0=D)Y
D) 2 Ut = 12 xmw+%Qme (mod p). (9)
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Proof. From the expression (5):

1

p—1
Zaka “1-a (—agp(a) + (a —1)gy(1 — a)),
k=0

=1 w(@) —gp(l —a) = filqp(a) + ap <1ia> :

therefore:
p—1
1 a 1 b
St = i)+ (1) + 0 v o (17
1 1 ab
=@+ 70 +a ((1—)(1—())) :
ab—lba—l ab
) L a
(a—1)(b—1) (1—a)(1—0)
Similarly:

p—1

k=0

= j%(a) - b_ilqz?(b) +4p

- (@S mmm) + (=)

thus, the proofs of (8) and (9) are complete.
Corollary 1. Since 1 — a = b and ab = 1, we have the results:

p—1

1 1
kZOFka = ﬁqp(a) — 5qp(a —1) (mod p),

p—1

1 1
kZOLka = mqp(a) - Eqp(l —a) (mod p).

(a—0)) UpHy = ﬁqp(a) @ <1ia) - <bi1qf’(b)+qp <1—b
(

Lemma 1. For any prime p > 3 and a € Z — pZ, a # 1 (mod p), are valid the relations:

H%(a) (a—1)gp(a—1) = (a+1)gp(a+1) (mod p),

Proof.
1. By the observation:

1, 1 (a+1
T iqp(a -1+ 2% (a—1> —gp(a) (mod p).

(10)

(11)



L. Elkhiri et. al. Some Congruences Around Fermat Quotients.

and the congruence (3), the proof of (10) is complete.
2. From the property:

—3 p—3

= o 2k+1 1 G o2k aP—1 P—l ok
D grita k Tpoit ik
k=1 k=1 p k=1
and the congruences (3), (10), and:
Lo=-1 (modp)
=-1 (mo
o p);

the proof of (11) is complete.
Theorem 4. For any prime p > 3, a € Z — pZ, |a| # 1, and m a non-negative integer, we
deduce the results:

2 L23 k+ 1 m 2k 1 %
Z‘Pk,m(a)HQk = a? Z 1 5 Z k™ 1a?% (mod p?), (12)
k=0 k=1
p=3 p=3 p=1
L (=DFEH D)™ 1 E .
S Qe = o Y0 CIIEE IO LS i mod ), (19
k=0 k=0 k=1

where:
Pymla) = (K™ — a*(k+1)™) a*,  Qpmla) = (K™ +a*(k +1)™) a**.

Proof. We have the relations:

23 24

2 p 3 m 2
> kma* Hy + (2 + 1) a?'Hy y = Y K"’V Hy,
k=0 k=1

w
OJ

p—

v ‘

e 1 1
1)"q 2k+2H _ ka H
(k+1) k2 = Zk+ * okt 1  2k+2)

k=0
p—3 p73 )
2 a2 2
(k+1)™
— k 1)m 2kH 2 - L 1 Qk
Y oty CU s
Since Hp—1 =0 (mod p), the proof is complete.
Similarly:
e R o
(—1)FE™a®* Hy + (—1)%% <]92> a’ ' Hy = Z (—1)*k™a Hao,
k=0 k=1

Z k+1 k+1)m 2k+2H2k+2’
k=0

1 1
k+1k 1m2k H )
Z +1) < 2k+2k+1+2k+2>

k=0
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p=3 p=3 p—1
2 2 k+1 k 1 m 2k 1 2

= @2 Y (DR 1)y 4 a2 30 DT Ly
k=0 k=0 k=1

Then, by the Wolstenholme’s congruence H,_1 =0 (mod p?), the proof of (13) is complete.
In the light of (12) and (13), we get the following examples:
Example 1. Case m = 0. For any prime p > 3 and a € Z — pZ, |a| # 1 (mod p):

p—3
2 2
1
S @y = 2 L2 1) (mod ),
k=0

Z—1 2%
and:
p=3 M
5 2 k—i—l 2k 1 k 2k 5
= . d p?).
¢ ZO 2k+ 1 3 ; (mod p)
Example 2. Case m = 1. For any prime p > 3 and a € Z — pZ, |a| # 1 (mod p):
p—3
2 2
2 2% _ of@+Dgla) 1 4 1 a+1
(1—@);0k:a Hy, =a <2(a2_1)—4qp(a —1)—|—£qp ] (mod p).

Theorem 5. For any prime p > 3 and a,b € Z — pZ, |a|, |b] # 1 (mod p):

a 2
Z VaorHop, = qp_( 1) I;;]p_(bl) — %qp ((a®* =1)(b* — 1))  (mod p),

p—3
2 _ aqu(a) b2qp(b) 1 b2 —1
(a—b)kZ_OUQkHQk =21 ®_1 + P <a2 - 1) (mod p).

Corollary 2. Since 1 —a = b and ab = 1, we have:

a?+1 a? —2a +2 1
LopHop = — — - - - —1) = Zg,(a® —a —2 d p).
Z: 2k412k 2(@2 . 1) QP(CL) + 2@(@ o 2) QP(G’ ) QQP(a a ) (mO p)

< _ 3a? — 1 3a? — 6a + 2 1 a—2
ZFQ’“H% = 30a- 1@ -D"Y Hnpi D9V g ® (a ¥ 1) (mod p).
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